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SPECIAL CYCLES ON UNITARY SHIMURA CURVES AT
RAMIFIED PRIMES
YOUSHENG SHI
Abstract. In this paper, we study special cycles on the Kra¨mer model of
GU(1, 1)(F ) Rapoport-Zink spaces where F is a ramified extension of Qp with
the assumption that the underlying hermitian form on the Dieudonne´ module
of the framing object of the Rapoport-Zink space is aniostropic. We write
down the decomposition of these special cycles and compute their intersec-
tion numbers. We then apply the local results to compute the intersection
numbers of special cycles on unitary Shimura curves and relate these intersec-
tion numbers to Fourier coefficients of central derivatives of certain Eisenstein
series.
1. Introduction
The classical Siegel-Weil formula expresses certain Siegel Eisenstein series as
generating series of representation numbers of quadratic forms. In [Kud97], Kudla
initiated an influential program that relates certain Eisenstein series to the arith-
metic of Shimura varieties. Among other things, the program seeks to establish the
arithmetic Siegel Weil formula, which expresses central derivatives of these series
as arithmetic intersection numbers of n special divisors in the Shimura varieties
associated to GSpin(n− 1, 2) and GU(n− 1, 1).
In [KR11] and [KR14b], Kudla and Rapoport defined integral models of unitary
Shimura varieties associated to GU(n − 1, 1) over an imaginary quadratic field
k and special cycles associated to a certain class of special endomorphisms on
them. They show that the intersection of n independent special cycles is supported
on the supersingular locus of the Shimura variety over a finite set of inert and
ramified primes of k. Over an inert prime p, they formulated a local version of
the arithmetic Siegel Weil formula (the local Kudla-Rapoport conjecture), which
expresses intersection number of n special cycles on the corresponding Rapoport-
Zink spaces as derivative of local densities of hermitian forms. They then explained
how the nonarchimedean component of the arithmetic Siegel Weil formula (also
known as the global Kudla-Rapoport conjecture) follows from the local Kudla-
Rapoport conjecture.
In [KR11] and [KR14b], Kudla and Rapoport proved their conjectures when the
support of the intersection has zero dimension, which essentially reduces to the
case when n = 1, 2. For n = 3, the conjectures are proved by Terstiege in [Ter10].
Recently, Li and Zhang [LZ19] proved the conjecture for general n.
Over a ramified prime p of k, it has been long speculated that there should
be analogues of Kudla-Rapoport conjectures. In this case, one needs to consider
the integral model of Shimura variety and its corresponding Rapoport-Zink spaces
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proposed by Kra¨mer [Kra¨03]. The Kra¨mer model is regular and has semistable
reduction over p. Howard [How15] has shown that the special cycles associated to
one special endomorphism are divisors in the Kra¨mer model. Shi [Shi18] computed
the dimension of the reduced locus of such an intersection.
The main result of this paper computes the intersection number of two special
divisors in the unitary Shimura curves when the support of the intersection is
over an odd ramified prime p and ”non-degenerate”, and relates it to the central
derivative of the Eisenstein series considered in [KR14b]. As in [KR14b], the global
result follows from a local version of the problem on the Kra¨mer model of Rapoport-
Zink spaces and derivatives of local densities. The result sheds light on how Kudla-
Rapoport type of conjectures should be formulated in the ramified case.
1.1. Special cycles on Rapoport-Zink spaces. Let p be an odd prime integer.
Let F0 = Qp and F be a ramified quadratic extension of Qp. We denote a¯ the
Galois conjugate of a ∈ F over Qp. We fix a uniformizer π ∈ F such that π0 = π2
is a uniformizer of Qp. Let W = W (F¯p) be its ring of Witt vectors and WQ the
fraction field of W . Let Fˇ be the completion of the maximal unramified extension
of F and OFˇ be its ring of integers.
We consider the formal moduli spaceN which is the functor over Spf OFˇ parametriz-
ing the isomorphism classes of quadruples (X, ι, λ, ρ) over a formal SpfOFˇ scheme
S. Here X is a p-divisible group over S of dimension 2 and relative height 4. The
ring homomorphism ι : OF → End(X) is a homomorphism satisfying the condition:
(1.1) char(ι(π)|LieX) = T 2 − π0.
λ : X → Xˆ is a principal quasi-polarization whose associated Rossati involution
induces on OF the nontrivial Galois automorphism over Zp. Finally, ρ is is a OF -
linear quasi-isogeny of height 0 from X ×S S¯ to a fixed framing object (X, ιX, λX).
N is representable by a formal scheme over SpfW which is regular and has relative
dimension 1 over SpfW (c.f. [RSZ18]). Moreover the reduced locus of N modulo
p is a single point.
Using λX and ιX, one can associate a hermitian form (, ) on a 2-dimensional F
vector space C (see section 2 for the definition of C). When (, ) is anisotropic, by
section 8 of [RSZ18], there is an isomorphism
N ∼=MΓ0(p),
where MΓ0(p) is the deformation space of p-isogenies between Lubin-Tate formal
groups. When (, ) is isotropic, then by [KR14a] (see also [RSZ18]), there is an
isomorphism
N ∼= Ωˆ2F0 ,
where Ωˆ2F0 is the Drinfeld p-adic half space. Our key assumption in this paper is
(1.2) (, ) is anisotropic.
We leave the isotropic case to a future paper as it will use different techniques.
In order to define special cycles we need to perform a quadratic base change
N(1,1) = N ×SpfW Spf OFˇ .
N(1,1) is no longer regular, but is normal and Cohen-Macaulay (see [Pap00]). We
can blow up its unique reduced point to get the Kra¨mer model
NKra → N(1,1),
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where the unique reduced point of N(1,1) is blown up to an exceptional divisor Exc
in NKra. NKra is regular and has semi-stable reduction ([Kra¨03]).
Now let G be the unique supersingular p-divisible group of dimension 1. The
space of special homomorphisms V = HomOF (G,X)⊗Z Q is a F vector space with
a natural hermtian form h(, ). This form is similar to the form (, ) (see equation
(5.2)). In particular, both of them are anisotropic under our assumption. For any
subset L ⊂ V, we define Z(L) to be the closed subscheme of NKra where each
quasi-homomorphism x ∈ L deforms to a homomorphism (see Definition 5.1).
By [How15], Z(x) for a single x ∈ V is a divisor. In order to decompose Z(x) into
irreducible divisors, we need to study N , N(1,1) and NKra at the same time. We can
define sub formal schemes Zs± on N such that the p-divisible groups over them are
quasi canonical lifts. But unless s = 0, these sub formal schemes are not divisors.
We need to purify them (see remark 3.3 and Theorem 3.7) to get divisors Ys±,
where we use the famous modular equation of MΓ0(p) as an essential ingredient.
These divisors in turn give rises to Weil divisors Y1s± on N(1,1) (Proposition 4.1).
And Y1s± in turn give rises to Y˜1s± on NKra (Proposition 4.2). Our first major result
is then the following decomposition theorem (Theorem 5.8)
Theorem 1.1.
Z(x) = Y˜10 +
a∑
s=1
Y˜1s− +
a∑
s=1
Y˜1s+ + (a+ 1)Exc,
where a is the p-adic valuation of h(x,x).
For a full rank lattice L ⊂ V and a basis {x1, x2} of L, we define the intersection
number
(1.3) Int(L) = χ(NKra,OZKra(x1) ⊗L OZKra(x2)),
where OZKra(x) is the structure sheaf of ZKrax , ⊗L is the derived tensor product
on coherent sheaves on NKra and χ denotes the Euler-Poincare´ characteristic. By
[How19], this quantity is independent of the choice of x1, x2, hence is an invariant
of L. We then prove the following theorem (Theorem 6.3).
Theorem 1.2. Suppose (V, h(, )) is anisotropic. Let L be a Hermitian lattice in V
such that its Hermtian form is equivalent to T =
(
u1(−π0)a 0
0 u2(−π0)b
)
,where
u1, u2 ∈ Z×p . Then
Int(L) = 2
min{a,b}∑
s=0
ps(a+ b+ 1− 2s)− a− b− 2.
Remark 1.3. By assumption (1.2), we know that (−u1u1, p)p = −1 where (, )p is
the local Hilbert symbol.
1.2. Local density. Let S be another non-degenerate hermitian matrix of rank
m. Then the limit limd→∞ p
−dn(2m−n)Nd(S, T ) exists, where n = rank(T ) and
Nd(S, T ) = ♯{X ∈Mm,n(OF )(mod πd0) | X¯tSX ≡ T (mod πd0)}.
We call the limit α(S, T ) the representation density of T by S.
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We take S to be the unique self-dual hermitian matrix of rank 2 which has the
opposite invariant of T . In other words, S is isotropic or S ∼
(
v 0
0 1
)
, where
v ∈ Z×p and (−v, p)p = 1. Define
Sr = S ⊕ 1
π
(
0 Ir
−Ir 0
)
.
It can be shown that there is a polynomial F (S, T ;X) such that α(Sr, T ) =
F (S, T ; p−2r). We define the derivative of the local density α(S, T ) to be
α′(S, T ) = − ∂
∂X
F (S, T ;X)|X=1.
Following ideas of [Hir00], F (S, T ;X) and F (S, S;X) can be computed explicitly
as in equation (7.1). Then we obtain the following theorem (Theorem 7.1).
Theorem 1.4. Let L, S, T be as above. Then
Int(L) = 2
α′(S, T )
α(S, S)
.
Remark 1.5. The factor 2 in the Theorem is peculiar to the ramified prime case
(compared with the inert case, c.f. Corollary 9.3 of [KR11]). This factor 2 also
shows up in the Arithmetic transfer conjectures of [RSZ18].
Remark 1.6. The definition of Sr in the above definition of derivative of local density
is different as that of [KR14b] (see Proposition 10.1 of [KR14b]) at the first glance.
But in fact both cases are the case considered in Remark 4.2 of [Nag89].
1.3. Global moduli problem and Eisenstein series. In the second part of the
paper, we apply the local results above to the global intersection problem essentially
proposed by [KR14b]. Let k be an imaginary quadratic field. LetM(n− r, r) over
SpecOk which parametrizes principally polarized abelian varieties (A, λ) with an
action ι : Ok → End(A) of Ok which satisfies the signature (n− r, r) condition and
the condition proposed by Kra¨mer if (n− r)r 6= 0 (see Section 8). We require the
Rosati involution satisfies ι(a)∗ = ι(a¯). Let
M =M(1, 0)×SpecOk M(1, 1).
For a point in M(S) (S a SpecOk scheme), i.e., a pair (E, ι0, λ0) ∈ M(1, 0),
(A, ι, λ,FA) ∈M(1, 1), define the locally free Ok module
V ′(E,A) = HomOk(E,A).
It is equipped with the hermitian form h′(x, y) = ι−10 (λ
−1
0 ◦ y∨ ◦ λ ◦ x). For a
m×m hermitian matrix T with values in Ok, let Z(T ) be the stack of collections
(E, ι0, λ0, A, ι, λ,FA,x) such that (E, ι0, λ0, A, ι, λ,FA) ∈ M(S), x ∈ V ′(E,A)m
with h′(x,x) = T . Z(T ) is a representable by a Deligne-Mumford stack which is
finite and unramfied over M.
Let T ∈ Herm2(Ok) be positive definite. Let VT be the hermitian space deter-
mined by T . Then Z(T ) is empty unless VT is self-dual or almost self-daul. The
almost self-dual case is the case considered by [KR14b],[Ter10] and [LZ19]. In this
paper we assume VT is self-dual, i.e., it contains a self-dual Ok lattice. Then it is
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proved in Proposition 2.22 of [KR14b] that the support of Z(T ) is on the super-
singular locus of M over the ramified primes of k. Similar to the local case, for a
fixed prime p one defines
(1.4) d̂egp(Z(T )) = χ(Z(T )p,OZKra(x1) ⊗L OZKra(x2)) · log p,
where Z(T )p is the substack of Z(T ) supported over p and t1, t2 are the diagonal
entries of T . Now define d̂eg(Z(T )) = ∑p d̂egp(Z(T )). When T is diagonal, one
can show that d̂eg(Z(T )) is the Gillet-Soule´ arithmetic Chow group pairing of Z(t1)
and Z(t2).
Assume V ∈ R(1, 1), the set of hermitian spaces of signature (1, 1) which con-
tains a self dual lattice up to isomorphism. Let E(z, 0, V ) (see section 9) be the
incoherent Eisenstein series considered by [KR14b]. It can be analytically continued
and satisfies a functional equation centered at s = 0. Let E′T (z, 0, V ) be the T -th
Fourier coefficient of its central derivative. Then we have the following theorem
(Theorem 9.3).
Theorem 1.7. Let T ∈ Herm2(Ok) be positive definite. Assume that VT con-
tains a self-dual Ok lattice. Let p be an odd ramified prime of k such that VT,p is
anisotropic. Then
E′T (z, 0, V ) = C1 · d̂egp(Z(T )) · qT ,
where V is the unique hermitian space in R(1, 1) that is locally isomorphic to VT
at all places except for p and ∞, C1 is the constant determined in equation (9.10).
C1 only depends on V .
1.4. Notations and conventions. Throughout the paper let k = Q(
√−∆) with
discriminant −∆ where ∆ is a positive integer. Denote by Hermn the set of n× n
hermitian matrix of either k/Q or F/Qp. Let (, )p be the quadratic Hilbert symbol
on Qp.
Let p be an odd prime integer. Let F0 = Qp and F be a ramified quadratic
extension of Qp. We denote a¯ the Galois conjugate of a ∈ F over Qp. We fix
a uniformizer π ∈ F such that π0 = π2 is a uniformizer of Qp.Let k = F¯p and
W = W (k) be its ring of Witt vectors and WQ the fraction field of W . We denote
by σ the Frobenius automorphism of k, W and WQ. Let Fˇ be the completion
of the maximal unramified extension of F and OFˇ be its ring of integers. Then
OFˇ = W ⊗Zp OF . Let σ = σ ⊗ id on Fˇ . We also fix an element δ ∈ Z×p2\Z×p such
that δ2 ∈ Z×p where Zp2 ⊂W is the unique quadratic extension of Zp in W .
Let Nilp be the category of OFˇ -schemes S such that π · OS is a locally nilpotent
ideal sheaf. For S ∈ Nilp let S¯ = S ×SpecOFˇ Spec k its special fiber.
We say an irreducible formal scheme S over Spf Zp is horizontal if π is not locally
nilpotent on the structure sheaf of S.
Let G be the unique (up to isomorphism) formal p-divisible group of dimension
1 and relative height 2 over k. We set
OD := End(G) and D := OD ⊗Zp Qp.
Then D is the unique quaternion division algebra over Qp and OD is its maximal
order.
By the word divisor, we mean a Cartier or Weil divisor on a regular formal
scheme. When working on a singular formal scheme, we will specify which notion
of divisors is being used.
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Part 1. Local theory
2. Moduli spaces
2.1. N and N(1,1). The first moduli problem is the special case considered by
[RTW14] when n = 2. Let us briefly recall the definition. Let (X, ιX) be a fixed
formal p-divisible group of dimension 2 and relative height 4 over k with an action
ιX : OF → End(X). It is unique up to isomorphism. Let λX be a principal
quasi-polarization whose associated Rossati involution induces on OF the nontrivial
Galois automorphism over Zp.
Let M = M(X) be the covariant Dieudonne´ module of X and N = M ⊗Z Q.
Then N (M resp.) carries an F -action (OF -action resp.) which we still denote as
ιX. The polarization λX induces a skew symmetric WQ form <,> on N satisfying
< Fx, y >= < x, V y >σ,
< ιX(a)x, y >= < x, ιX(a¯y) >, a ∈ F.
We denote by ΠX the endomorphism M(ιX(π)) on M and we often write Π if there
is no ambiguity.
Suppose π0 = ǫp and let η ∈ W such that η · ησ = ǫ−1. Define the σ-linear
operator τ = ηΠV −1 on N . Set C = N τ , we obtain a 4 dimensional Qp-vector
space with an isomorphism
C ⊗Qp WQ ≃ N.
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Then for x, y ∈ C
< x, y >= < τx, τy >=< ηΠV −1x, ηΠV −1y >
=η2(−pǫ) < V −1x, V −1y >
=η2(−pǫ)p−1 < x, y >σ
=− η
ησ
< x, y >σ
Choose δ ∈ Z×p2\Z×p such that δ2 ∈ Z×p . Then the restriction of the form
(2.1) <,>′= ησδ <,>
to C defines a skew symmetric form with values in Qp, and
(2.2) (x, y) =< Πx, y >′ + < x, y >′ π
defines a Hermitian form on C with
< x, y >′=
1
2
trF/Qp(π
−1(x, y)).
The key assumption of this paper is that the Hermitian form (, ) is anisotropic.
Equivalently, −d /∈ Nm(F×) where d is the determinant of (, ).
We consider the formal moduli space N(1,n−1) (see [RTW14]), which is the set
valued functor over Spf OFˇ which parameterizes the isomorphism classes of quadru-
ples (X, ι, λ, ρ) over S ∈ Nilp. Here X is a p-divisible group over S of dimension n
and relative height 2n. The ring homomorphism ι : OF → End(X) is a homomor-
phism satisfying the Kottwitz condition:
(2.3) char(ι(π)|LieX) = (T − π)(T + π)n−1.
and the Pappas wedge condition ([Pap00]):
(2.4)
n∧
(ι(π) − π|LieX) = 0,
2∧
(ι(π) + π|LieX) = 0.
λ : X → Xˆ is a principal quasi-polarization whose associated Rossati involution
induces on OF the nontrivial Galois automorphism over Zp. Finally, ρ : X ×S S¯ →
X ×SpecF S¯ is a OF -linear quasi-isogeny of height 0 such that λ and ρ∗(λX) differ
locally on S¯ by a factor in Z×p . An isomorphism between two quadruples (X, ι, λ, ρ)
and (X ′, ι′, λ′, ρ′) is given by an OF -linear isomorphism α : X → X ′ such that
ρ′ ◦ (α×S S¯) = ρ and such that α∗(λ′) is a Z×p -multiple of λ.
N(1,n−1) is representable by a formal scheme (Proposition 2.1 of [RTW14] or
Theorem 3.25 of [RZ96]) over Spf OFˇ .
In this paper, we are mostly interested in the case when n = 2 while the case
n = 1 plays an auxiliary role. We know that N1,0 ∼= Spf OFˇ and the universal
p-divisible group over N(1,0) is the canonical lift G of G with respect to the OF
action ([Gro86]).
In the case when n = 2, the Kottwitz condition simply becomes
char(ι(π)|LieX) = T 2 − π0.
The Pappas condition then follows from the Kottwitz condition. In fact, when
n = 2 the above moduli functor can be defined over SpfW instead of just Spf OFˇ
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(section 8 of [RSZ18]). We denote by N the corresponding moduli functor defined
over SpfW . In other words we have
N(1,1) = N ×SpfW Spf OFˇ .
N ⊗SpfW Spec k is a single point (see below). By the theory of local models (see
Section 8 of [RSZ18]), we know the following.
Proposition 2.1. As formal schemes,
N ∼= SpfW [[x, y]]/(xy − p), N(1,1) ∼= Spf OFˇ [[x, y]]/(xy − p).
Proposition 2.2. N is regular while N(1,1) is not. N(1,1) is normal and Cohen-
Macaulay.
Proof. The first statement is easy to see directly. For the proof of the fact that
N(1,1) is normal and Cohen-Macaulay, see [Pap00]. 
By [RSZ18], N is isomorphic to a deformation space with Iwahori level structure.
We recall the construction now. LetMΓ0(p) represents the functor over SpfW that
associate each scheme S the set of isomorphism classes of quadruples
(Y, Y ′, φ : Y → Y ′, ρY ),
where Y and Y ′ are formal p-divisible group of relative height 2 and dimension 1
over S (a scheme over SpfW ), φ is an isogeny of degree p and ρY : Y ×S S¯ →
G ×Speck S¯ is a quasi-isogeny of height 0. We can define a map MΓ0(p) → N as
follows. Let (Y, Y ′, φ, ρY ) be in MΓ0(p)(S), set
X := Y × Y ′.
We can define an OF action on X by
ιX(π) =
(
φ′
φ
)
,
where φ′ is the dual isogeny of φ (φ′ ◦ φ = π0). Define the framing map
ρY ′ : Y
′
S¯
φ−1−→ YS¯ ρY−→ GS¯
ιG(π)−→ GS¯.
Then ρ∗Y (λG) and ρ
∗
Y ′(λG) lift to principal polarization λY of Y and λY ′ of Y
′. Let
λX =
(
λY
λY ′
)
.
Then we get the object (X, ιX , λX , ρX) ∈ N .
By proposition 8.2 of [RSZ18], the map MΓ0(p) → N is an isomorphism. We
will use (MΓ0(p))SpfOFˇ to denote the base changeMΓ0(p)×SpfW Spf OFˇ . Then we
know that (MΓ0(p))SpfOFˇ
∼→ N(1,1) by the same map (after base change) defined
above.
There is an obvious automorphism sw on MΓ0(p):
(2.5) sw : (Y, Y ′, φ : Y → Y ′, ρY ) 7→ (Y ′, Y, φ′ : Y ′ → Y, ρY ′).
We know that MΓ0(p) has a unique k-point which is (G,G, ιG(π), idG). Under
the isomorphismMΓ0(p) → N , this point goes to (X, ιX, λX, idX) ∈ N where
(2.6) X = G×G, ιX(π) =
(
ιG(π)
ιG(π)
)
, λX =
(
λX
λX
)
Again (X, ιX, λX, ρX) is the unique k-point of N , we denote it by Sing.
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2.2. Dieudonne´ module of the framing objects. The exceptional isomorphism
MΓ0(p) ∼→ N provides an identification between the Dieudonne´ module M and the
Dieudonne´ module M(G) ×M(G) which is compatible with additional structures
(OF actions and polarizations). For later use, we write down this identification
of Dieudonne´ modules explicitly. This provides a direct proof of the fact that
the OF -Hermitian form (, ) on C = N τ is anisotropic (compare with the proof of
Proposition 8.2 in [RSZ18]).
First let us describe the Dieudonne´ module M(G) of G. As a W -lattice, it is of
rank 2. We can choose a basis {e1, f1} such that Fe1 = f1, Ff1 = pe1, V e1 = f1,
V f1 = pe1 and < e1, f1 >G= δ where <,>G is the alternating W -bilinear form
induced by the principal polarization of G. End(M(G)) is the centralizer of F and
V in M2×2(W ) and with respect to this basis is of the form
OD =
{(
a bp
bσ aσ
)
| a, b ∈ Zp2
}
.
which is a maximal order of the quaternion algebra D over Qp. One can check
that under the pairing <,>G, the Rosati involution of an element in End(M(G))
is given by
(2.7)
(
a bp
bσ aσ
)∗
= J
(
a bp
bσ aσ
)t
J−1 =
(
aσ −bp
−bσ a
)
,
where J =
(
0 1
−1 0
)
. Hence the Rosati involution is actually the main involution
on OD. After changing coordinate using elements in OD if necessary, we can assume
that F, V are of the same matrix form as before, and
(2.8) ιG(π) =
(
0 pησ
1
η 0
)
,
and < e1, f1 >G= uδ where u ∈ Z×p . We can change the polarization by u−1 so
in the end we can assume < e1, f1 >G= δ as before. Notice that Zp2 injects into
End(M(G)) by
Zp2 →֒ End(M(G)) : a 7→
(
a 0
0 aσ
)
.
Hence regarding Zp2 and OF as subrings of OD, we have
(2.9) δπ = −πδ.
We define
(2.10) 10 = ηe1, 11 = f1.
Then τ(10) = 10 and (10, 10)G = −ǫ−1δ2.
Now X = G × G as a p-divisible group with the principle polarization λX =
λG×λG. We denote the first copy of G as G1 and the second copy as G2. In terms
of the Dieudonne´ module M = M(X) we assume that {e1, f1} is a basis of M(G1)
and {e2, f2} is a basis of M(G2) such that
Fei = fi, Ffi = pei, V ei = fi, V fi = pei, < ei, fj >X= δδij , i, j = 1, 2
Then the action of OF on X by
ιX(π)(x, y) = (π(y), π(x)), x ∈ G1(R), y ∈ G2(R),
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on the R-points (R a k-algebra). By equation (2.7) and equation (2.8), one can
easily check that
(2.11) ιX(π)
∗ = −ιX(π).
In terms of the Dieudonne´ module M we have
Π(e1) =M(ιG(π))(e2) =
1
η
f2, Π(f1) =M(ιG(π))(f2) =
p
ησ
e2,(2.12)
Π(e2) =M(ιG(π))(e1) =
1
η
f1, Π(f2) =M(ιG(π))(f1) =
p
ησ
e1.
It is then easy to see that Π2 = π0 and < Πx, y >X=< x,−Πy >X for x, y ∈M(X).
And we have
Π(e1 + e2) =
1
η
(f1 + f2), Π(f1 + f2) =
p
ησ
(e1 + e2),
Π(e1 − e2) = −1
η
(f1 − f2), Π(f1 − f2) = − p
ησ
(e1 − e2).
Now define
v1
∆
= η(e1 + e2), v2
∆
= δη(e1 − e2).
Then
τ(v1) = v1, τ(v2) = v2,
where τ = ηΠV −1. We then compute the Hermitian inner product:
(v1, v1)X = < Πv1, v1 >
′
X +π < v1, v1 >
′
X= −2δ2ηησ,
(v1, v2)X = < Πv1, v2 >
′
X +π < v1, v2 >
′
X= 0,
(v2, v2)X = < Πv2, v2 >
′
X +π < v2, v2 >
′
X= 2δ
4ηησ.
So the Hermitian form with respect to the OF basis {v1, v2} of C is( −2δ2ηησ 0
0 2δ4ηησ
)
.
Recall that a two dimensional Hermitian form over Qp with determinant d is
anisotropic if and only if (−d) /∈ Nm(F×) = (Q×p )2. Hence the above Hermit-
ian form is anisotropic since it has determinant −δ2(2δ2ηησ)2 and δ2 /∈ (Q×p )2.
For later use, we define an automorphism sδ of (X, ιX, λX) by
(2.13) sδ(x, y) = (δx,−δy),
where x, y ∈ G(R), R is a k-algebra. We need to check that sδ ◦ ιX(π) = ιX(π) ◦ sδ.
In fact
sδ ◦ ιX(π)(x, y) =sδ(πy, πx) = (δπy,−δπx),
ιX(π) ◦ sδ(x, y) =ιX(π)(δx,−δy) = (−πδy, πδx).
Moreover, the induced action of sδ on M multiply the bilinear form <,>X by −δ2.
In terms of M, we have
sδ(e1) = δe1, sδ(f1) = −δf1, sδ(e2) = −δe2, sδ(f2) = δf2,
sδ(v1) = v2, sδ(v2) = δ
2v1.
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2.3. Kra¨mer model. In this subsection we recall the definition of the moduli
space proposed by Kra¨mer in [Kra¨03] (see also [BHK+17] and [How15]) which is
a blow-up of N(n−1,1) along its super singular locus. Let NKra be the functor
over Spf OFˇ parametrizing the isomorphism classes of quintuples (X, ι, λ, ρ,FX)
over S ∈ Nilp. Here the quadruple (X, ι, λ, ρ) has exactly the same meaning as in
the definition of N(n−1,1) and the additional data FX is a OF -stable OS module
local direct summand of rank 1 of Lie(X). We require that OF acts on FX via
the structure map OF → OS and acts on Lie(X)/FX via the Galois conjugate of
the structure map. An isomorphism between two quadruples (X, ι, λ, ρ,FX) and
(X ′, ι′, λ′, ρ′,FX′) is given by an OF -linear isomorphism α : X → X ′ such that
ρ′ ◦ (α×S S¯) = ρ, α∗(λ′) is a Z×p -multiple of λ and α∗(FX′) = FX .
The following is due to [Kra¨03].
Proposition 2.3. NKra is representable by a formal scheme over Spf OFˇ which is
regular and has semi-stable reduction. The natural forgetful map
Φ : NKra → N(n−1,1) : (X, ι, λ, ρ,FX) 7→ (X, ι, λ, ρ)
is an isomorphism outside the supersingular locus Sing of N(1,1) and Φ−1(Sing) is
an exceptional divisor which is isomorphic to the projective line P1(k). We denote
the exceptional divisor by Exc.
Let us assume that n = 2 from now on. As a formal scheme, NKra is isomorphic
to a completion of its local model NKra (see definition 3.27 of [RZ96] and [Kra¨03])
along certain locus. We now describe NKra. Let Λ be a fixed rank 2 free OFˇ
module with canonical basis {e1, e2} and V = Λ ⊗Z Q. Denote by Π the W -linear
map induced by π on Λ. Define an alternating WQ-bilinear form <,> on V such
that
(2.14) < ei, ej >= 0, < ei,Πej >= δij .
Then it is true that
< ax, y >=< x, a¯y >, a ∈ OF .
NKra is the functor which associates to each S ∈ Nilp the set of pairs (F ,F0) where
F and F0 are OS submodules of Λ⊗W OS such that
(1) F as an OS-module is locally on S a direct summand of rank 2,
(2) F0 as an OS-module is locally on S a direct summand of rank 1,
(3) F0 ⊂ F ,
(4) F is totally isotropic for <,> ⊗ZpOS ,
(5) (Π + π)F ⊆ F0,
(6) (Π− π)F0 = (0).
By [Kra¨03], NKra is representable by a scheme over Spf OF . NKra can be covered
by affine charts U1, U2 (see equation (4.11) of [Kra¨03]) where
(2.15) Uk = Spec (OFˇ [x1, x2, y]/(y(x21 + x22)− 2π, xk − 1)), k = 1, 2.
The special fiber of NKra consists of two divisors Z1 and Z2 where Z1 ∼= P1(k) is
the exceptional divisor of NKra defined by the equation y = 0:
(2.16) Z1 ∩ Uk = Spec (k[x1, x2]/(xk − 1)),
and Z2 is defined by the equation (x
2
1 + x
2
2) = 0:
(2.17) Z2 ∩ Uk = Spec (k[x1, x2, y]/(xk − 1, x21 + x22)).
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Z1 and Z2 intersect at the two singular points of the special fiber.
By Proposition 3.33 of [RZ96], there is an isomorphism of formal schemes
s : NKra → (NKra)Z1 ,
where (NKra)Z1 is the formal completion of N
Kra along Z1. Under this isomor-
phism, we have
(2.18) s−1(Z1) = Exc = P(LieX) ∼= P(VM),
where the last isomorphism is canonical which send a line L in LieX to its perpen-
dicular line L∨ ⊂ VM under the pairing <,>X described in subsection 2.2.
We know decribe s−1(Z1 ∩ Z2), namely the two singular points of the special
fiber of NKra. Recall that VM = ΠM = span{f1, f2} in the coordinates introduced
in subsection 2.2. The quadratic form x21 + x
2
2 that shows up in equation (2.15)
corresponds to the quadratic form (see page 9 of [Kra¨03])
{Πv,Πw} :=< Πv, w >X,
for Πv,Πw ∈ VM. Now by equation (2.12) we see that
{f1, f1} =< f1, ηe2 >X= 0.
Similarly {f2, f2} = 0. Hence s−1(Z1 ∩Z2) correspond to the two lines spanned by
f1 and f2 respectively in VM. Taking their perpendicular lines in LieX = M/VM,
we have shown that
Lemma 2.1. s−1(Z1∩Z2) are the two points P1 = spank{e1} and P2 = spank{e2}
in P(LieX).
For two divisors Z1 and Z2 of NKra such that the support of their intersection
is contained in the special fiber (NKra)p, one can define their intersection number
to be
(2.19) Z1 · Z2 = χ((NKra)p,OZ1 ⊗L OZ2).
It is easy to compute the self intersection number of Exc.
Lemma 2.2.
Exc · Exc = −2.
Proof. It suffices to compute Z1 · Z1. By Proposition 1.21 in Chapter 9 of [Qin06],
we know that the intersection number of Exc with the special fiber NKras of N
Kra
is 0. But
NKras = Z1 + Z2, Z1 ∩ Z2 = 2.
So we know that Z1 · Z1 = −2. The lemma is proved. 
3. Quasi canonical lifting cycles
In this section we define sub formal schemes of N based on the theory of quasi
canonical lifts of Gross ([Gro86]). Our main reference is [Wew05b]. We will see
that these sub formal schemes are in general not divisors but have embedded com-
ponents. However we can show that their purifications are irreducible divisors in
N . Eventually we are interested in defining quasi canonical lifts in N(1,1) and NKra
and relate them to special cycles. But the subtlety here is that N(1,1) is not regu-
lar and its structure ring is not a unique factorization domain, hence it is hard to
decompose (Cartier or Weil) divisors in N(1,1). So we define them first in N in this
section and study their base change to N(1,1) in the next section.
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3.1. Quasi canonical lifts in N . Fix the embedding κ : OF →֒ Endk(G) = OD:
(3.1) κ(a+ bπ) =
(
a bpησ
b
η a
)
, a, b ∈ Zp.
It is unique up to conjugation by elements of D×. Via this embedding we obtain a
map OF → End(LieG) = k, which extends the canonical map Zp → k.
Definition 3.1. (Definition 1.2 of [Wew05b]) A canonical lift of G is a formal p-
divisible group G over Fˇ together with an isomorphism of p-divisible group ρG :
G ⊗ k ∼→ G and an isomorphism of Zp-algebras γ : OF ∼→ End(G) action such that
(1) The composition of γ together with the regular representation End(G) →
End(LieG) = OFˇ is the canonical inclusion OF → OFˇ .
(2) The composition of γ with the inclusion End(G) →֒ End(G) = OD induced
by ρG is equal to κ.
Canonical lift G exists and is unique up to isomorphism ([Wew05b]). Moreover
we can assume ρG is identity, in other words, G ⊗ k = G.
Fix an s ≥ 0 Let
Os = Zp +OF · πs0.
LetWs be the ring of integers of Fˇs, the ring class field of O×s , i.e., the finite abelian
extension of Fˇ corresponding to the subgroup O×s of O×F under the reciprocity
isomorphism of Lubin-Tate theory:
Gal( ¯ˇF/Fˇ )ab → O×F .
Notice that in this notation Fˇ0 = Fˇ , W0 = OF =W ⊗Zp OF . We have
[Ws : Fˇ ] = [O×F : O×s ] = ps.
Definition 3.2. A quasi-canonical lift of level s (with respect to the embedding
κ : OF →֒ OD) is a lift G′ of G , defined over some finite extension A′/OFˇ ,
together with an isomorphism of Zp-modules ρ : G′ ⊗ k ∼−→ G and an OF -algebra
isomorphism γ : Os ∼−→ End(G′) such that
(1) The composition of γ together with the regular representation End(G′)→
End(LieG′) = A′ is the canonical inclusion OF → A′.
(2) The composition of γ with the inclusion End(G′) →֒ End(G) = OD induced
by ρ is equal to κ|Os .
To ease notation, we usually omit γ and the embedding κ in the above definition
from our notation.
Quasi-canonical lifts of level s always exists (see section 3 of [Wew05b]). They
are not unique, but Gal(Ws/OFˇ ) acts simply transitively on the set of isomorphism
class of quasi-canonical lifts of level s. Let G′ be a quasi-canonical lift of level s, by
Theorem 3.2 of [Wew05b]) there exists an isogeny
α : G → G′
of degree ps, defined over Ws. It is unique up to pre-composing with an element of
Aut(G) = O×F . In particular, G′ can be defined over Ws.
Following subsection 4.3 of [Wew05b], starting from the canonical lift G defined
above, we can define quasi-canonical lift (Gs, ρs) of level s ≥ 1 together with a
degree p-isogeny :
(3.2) βs : Gs−1 → Gs
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inductively such that
(3.3) ρs ◦ (βs ⊗ k) ◦ ρ−1s−1 = ιG(π).
Notice that this choice is compatible with equation (8.4) of [RSZ18]. Recall that
we have ρG = idG. Define αs : G → Gs by
(3.4) αs = βs ◦ βs−1 ◦ . . . , ◦β1.
Define α0 = β0 : G → G be the lift of ιG(π). Then by considering the Tate module,
we can see that there is a unique isomorphism
(3.5) γs : Gs → Gs−1
such that
βs ◦ γs = ιGs(π0).
Then it is automatically ture that
γs ◦ βs = ιGs−1(π0),
and
ρs−1 ◦ (γs ⊗ k) ◦ ρ−1s = ιG(π).
Let λG : G → G∨ (λs : Gs → G∨s resp.) be the unique principal polarization that
extends G→ G∨ corresponding to the bilinear form <,> on M(G).
Define
X0 = G × G, Xs+ = Gs−1 × Gs(s ≥ 1).
Let λ0 : X0 → X∨0 and λs+ : Xs+ → X∨s+ be defined as
λ0 =
(
λG
λG
)
, λs+ =
(
λs−1
λs
)
.
Xs+ is endowed with an OF action ιs+ : OF → End(Xs+) defined by
ιs+(π)(x, y) = (γsy, βsx), x ∈ Gs−1(R), y ∈ Gs(R).
on R-points (R a Ws-algebra). Finally define ρs+ : Xs+ ⊗ k → G×G by
ρs+ = ρs−1 × ρs (s ≥ 1), ρ0 = ρG × ρG
Then we get quadruples
Zs+ = (Xs+, ιs+, λs+, ρs+) (s ≥ 1),Z0 = Z0+ = (X0, ι0, λ0, ρ0)
Proposition 3.1. Zs+ and Z0 are subfunctors of N .
Proof. The only nontrivial task is to check that ιs+(a)
∗ = ιs+(a¯) for a ∈ OF . Since
the reduction map End(Xs+)→ End(G) is injective, it suffices to show that
(3.6) [(γs × βs)⊗ k]∗ = −(γs × βs)⊗ k
as endomorphisms of (X, λX) = (G, λG)×(G, λG). Since (γs×βs)⊗k = ρ−1◦ιX(π)◦ρ
where ρ = ρs× ρs−1 and ιX(π)∗ = −ιX(π) (see (2.11)), equation (3.6) is reduced to
ιX(π) ◦ (ρ ◦ ρ∗) = (ρ ◦ ρ∗) ◦ ιX(π).
By equation (2.7), for any ρ ∈ End(G) = OD, we have ρ ◦ ρ∗ ∈ Zp. So ρ ◦ ρ∗
commutes with ιX(π). The proposition is proved. 
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Analogously we can define
Zs− := (Xs−, ιs−, λs−, ρs−) = sw(Xs+, ιs+, λs+, ρs+),
where sw is defined in (2.5). In other words,
Xs− = Gs × Gs−1, λs− =
(
λs
λs−1
)
, ρs− = ρs × ρs−1,
and the OF action ιs− : OF → End(Xs+) defined by
ιs−(π)(y, x) = (βsx, γsy), x ∈ Gs−1(R), y ∈ Gs(R).
Define Z ′s+ = (Xs+, ιs+, λs+, ρ′s+) where everything is the same as Zs+ except
that now
ρ′s+ = sδ ◦ ρs+ = sδ ◦ (ρs−1 × ρs),
where sδ is defined in equation (2.13).
Analogously one can define Z ′s− = (Xs−, ιs−, λs−, ρ′s−) where everything is the
same as Zs+ except that that ρ′s− = sδ ◦ ρs−.
Proposition 3.2. Zs+, Zs−, Z ′s+ and Z ′s− are closed sub formal schemes in N .
Proof. LetM be the Lubin-Tate moduli functor over SpfW that associates to each
scheme S the set of isomorphism classes of pairs
(Y, ρY )
where Y is a formal OF module of relative height 2 and dimension 1 over S and
ρY : Y ×S S¯ → G ×Speck S¯ a quasi-isogeny of height 0. We have the following
Cartesian diagram:
Zs+ Zs−1 ×Zs
MΓ0(p) M×M
,
where Zs = (Gs, ρs) and the fiber product is taken over SpfW . It is well-known that
Zs is a divisor inM (see [Gro86],[KR11]). Hence Zs+ → N is a closed embedding.
Similar arguments work for Zs−, Z ′s+ and Z ′s−. We just remark that in the case of
Z ′s+ and Z ′s−, we use Z ′s = (Gs, (−1)sδ ◦ ρs) instead of Zs in the above Cartesion
diagram.

Remark 3.3. Zs+, Zs−, Z ′s+ and Z ′s− are horizontal, hence their purifications are
of dimension 1. But they are not divisors (see Remark 3.5 below) in N for s ≥ 1.
Let Ys+, Ys−, Y ′s+ and Y ′s− denote the purification of them respectively. Then Ys+,
Ys−, Y ′s+ and Y ′s− are divisors as N is regular and has dimension 2.
3.2. Quasi-canonical divisors in N . In order to get divisors in N , we make the
following definitions. For s ≥ 0 define Zs1 to be the following fiber product
Zs1 Zs ×M
MΓ0(p) M×M
.
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Similarly define
Zs2 M×Zs
MΓ0(p) M×M
.
One can also define Z ′s1 and Z ′s2 analogously. Since Zs is a divisor in M, we know
that Zs1 (Zs2, Z ′s1 and Z ′s2 resp.) is a divisor in N .
Theorem 3.4. We have
Zs1 = Ys− + Ys+1,+.
Moreover for s ≥ 1, Ys+ and Ys− are irreducible divisors of N and are isomorphic
to SpfWs. For s = 0 we have Z0 = Y0 and it is an irreducible divisor. Analogous
statements hold for Z ′s1, Y ′s+ and Y ′s−.
Proof. The structure ring ofM×M isW [[X,Y ]]. And the structure ring ofMΓ0(p)
is
R =W [[X,Y ]]/(f(X,Y )),
where f(X,Y ) is the famous modular equation which has coefficients in Z and is
symmetric in X and Y and has degree p + 1 as a single variable polynomial in X
or Y . Its reduction mod p is
(Xp − Y )(Y p −X) = Y p+1 −XpY p −XY +Xp+1.
In particular, it is monic in X or Y p-adically.
We know thatWs has degree p
s overW0 = OFˇ andW0 has degree 2 overW (see
section 3 of [Wew05b]). Both extensions are totally ramified and integrally closed
(c.f. Corallary 4.7 of [Wew05b]). Hence Ws has degree 2p
s over W and we know
that
Ws =W [[T ]]/(gs(T )),
where gs(T ) is a monic irreducible Eisenstein polynomial of degree 2p
s. Hence the
defining ideal of Zs1 is (gs(X)) and the structure ring of Zs1 is
R/(gs(X)) ∼=Ws[Y ]/(f(πs, Y )),
where we take an isomorphism Ws ∼= W (X)/(gs(X)) and πs ∈ Ws is a solution to
gs(X) = 0. In particular R/(gs(X)) has degree 2p
s(p+ 1) over OFˇ .
We know thatR is regular local, hence it is a U.F.D. by the theorem of Auslander-
Buchsbaum([AB59]). It is obvious from the definition of Zs1, Ys+1,+, Ys− that
Ys+1,+ and Ys− are sub functors of Zs1. Hence their reduced locus Yreds+1,+ and
Yreds− are contained in Zs1. Since the intersection Zs− ∩Zs+1,+ is supported on the
special fiber, Yreds+1,+ and Yreds− have no common irreducible divisors. In summary
we can decompose Zs1 as the sum of irreducible divisors of the form
(3.7) Zs1 = m1Y1 +m2Y2 + . . . ,
where m1 and m2 are positive integers and Y1 (Y2 resp.) is an irreducible sub
divisor of Ys− (Ys+1,+ resp.).
Let g(X,Y ) be an irreducible factor of gs(X) in R that gives rise to an irreducible
horizontal divisor. By the moduli interpretation ofN , we can pull back the universal
p-divisible group over N to get a p-divisible group Gs ×G over R/(g(X,Y )). Now
by Propositionn 4.5 and Proposition 4.6 of [Wew05b], G is either Gs−1 or Gs+1 in
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case s ≥ 1. When s = 0, G is either G or G1. Hence g(X,Y ) is in the defining ideal
of either Zs+1,+ or Zs−.
If g(X,Y ) is in the defining ideal of Zs−, define a ring homomorphismW [[X ]]→
R/(g(X,Y )) by X 7→ X . Since g(X,Y ) divides gs(X) in R, the map descends to a
ring homomorphism
Ws =W [[X ]]/(gs(X))→ R/(g(X,Y )).
SinceWs is a p-adic discrete valuation ring and R/(g(X,Y )) is an integral domain of
characteristic 0, the above ring homomorphism is an injection. Hence R/(g(X,Y ))
has degree at least 2ps over W .
If g(X,Y ) is in the defining ideal of Zs+1,+, then g(X,Y ) has to divide gs+1(Y )
since Zs+1,+ is a sub formal scheme of the divisor Zs+1,2. Repeat the argument
in the preceding paragraph with X replaced by Y we know that R/(g(X,Y )) has
degree at least 2ps+1 over W .
Let g1(X,Y ) and g2(X,Y ) be the defining equation of Y1 and Y2 respectively.
Since R is a U.F.D., we have the exact sequence:
0→ R/(g1) g2→ R/(g1g2)→ R/(g2)→ 0
But R/gs(X) has degree 2p
s(p + 1) over W while R/g1(X,Y ) (R/g2(X,Y ) resp.)
has degree at least 2ps (2ps+1 resp.) over W . By comparing degrees we conclude
that
Zs1 = Y1 + Y2,
and indeed
Y1 = Yreds− , Y2 = Yreds+1,+.
Moreover (R/g1(X,Y )) ((R/g2(X,Y )) resp.) has degree 2p
s (2ps+1 resp.) over
W . Since there is an injective ring homomorphism Ws → R/(g1(X,Y )) and both
rings have the same degree over W , they have to be the same. Similarly Ws+1 ∼=
R/(g2(X,Y )).
For s ≥ 1 we have a chain of divisors
Y1 = Yreds− ⊆ Ys− ⊆ Zs−1,2.
while Y1 and Zs−1,2 have degree 2ps, 2ps−1(p + 1) over SpfW respectively. We
have proved that Ys− is a multiple of Yreds− . By comparing degrees they have to
equal. Similarly Yreds+1,+ = Ys+1,+.
The statement Z0 = Y0 is proved in [RSZ18] (remark 13.3), it is in fact defined
by the equation X = Y . Z0 is irreducible since it is isomorphic to Spf OFˇ . 
In the process of proving the above theorem, we obtain as a byproduct the
following corollary.
Corollary 3.1. The natural projections p1 and p2 induce natural isomorphisms:
p1 : Ys− ∼→ Zs, p2 : Ys+ ∼→ Zs.
Analogous statements hold for Y ′s+ and Y ′s−.
Remark 3.5. One can prove that for s ≥ 1, Zs+, Zs−, Z ′s+ and Z ′s− are not divisors.
For example, in order to prove Zs+ is not equal to Ys+, it suffices to show that
degk{W [[X,Y ]]/(p, f(X,Y ), gs−1(X), gs(Y ))} > 2ps.
We leave the details of the calculations to the reader.
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4. Quasi canonical lifting divisors on N(1,1) and NKra
The main task of this section is to define quasi canonical lifting divisors on
N(1,1) (see Proposition 4.1) and on NKra (see Proposition 4.2).
4.1. Quasi canonical lifting divisors on N (1, 1). Recall that M is the Lubin-
Tate space which is the moduli space of formal p-divisible group G of relative
height 2 and dimension 1 over SpfW with an appropriate framing ρ. The structure
ring of M is W [[X ]]. First we want to study quasi canonical lifting divisors in
M×SpfW Spf OFˇ . The divisor Zs inM in isomorphic to SpfWs. By the argument
in the Section 3, we know that
Ws =W [[X ]]/(gs(X)),
where gs(X) is a monic irreducible Eisenstein polynomial of degree 2p
s. Moreover
in OFˇ [[X ]] we have
(4.1) gs(X) = g
1
s(X)g
2
s(X),
where g1s(X) is the minimal polynomial of Ws in OFˇ . It is an irreducible Einstein
polynomial of degree ps. Let τ be the nontrivial element of Gal(OFˇ /W ). By looking
at its Newton polygon, the constant term of g1s is uπ where u ∈ O×Fˇ . In particular
g1s is not fixed by τ . Then since gs(X) is fixed by τ we know that
(4.2) g1s(X) = τ(g
2
s (X)), g
1
s(X) 6= g2s(X).
Hence we know that there are two different copies of SpfWs in (M)Spf OFˇ ∼=
Spf OFˇ [[X ]] defined by g1s and g2s respectively. We denote the two copies by Z1s
and Z2s respectively, and the formal Zp-modules over them by (G1s , ρ1s) and (G2s , ρ2s)
respectively. Both G1s and G2s have endomorphism ring Os. However only one
of them is a quasi-canonical lift, without loss of generality we assume G1s is a
quasi canonical lift. G2s does not satisfy axiom (1) of Definition 3.2. In fact, in
this case the composition of γ : Os ∼−→ End(G2s ) with the regular representation
End(G2s ) → End(LieG2s ) = Ws is τ : Os → Ws. There is an SpfW -isomorphism
from G1s to G2s which is not a Spf OFˇ -morphism. There is no Spf OFˇ -morphism
from G1s to G2s , hence no Spf OFˇ -morphism from G10 to G2s .
We can define X1s+ = G1s−1 × G1s and X1s− = G1s × G1s−1. There are maps
(4.3) β1s : G1s−1 → G1s , , γ1s : G1s → G1s−1, α1i : G10 → G1s ,
defined as in the previous section but over Spf OFˇ not over SpfW . Correspondingly
there are sub formal schemes
Z1s+ = (X1s+, ι1s+, λ1s+, ρ1s+), Z1s− = (X1s−, ι1s−, λ1s−, ρ1s−),
(Z ′s+)1 = (X1s+, ι1s+, λ1s+, (ρ′s+)1), (Z ′s−)1 = (X1s−, ι1s−, λ1s−, (ρ′s−)1)
of N(1,1) which are closed. For simplicity we drop the superscript and still write Gs
for G1s , Xs+ for X1s+, ιs+ for ι1s+ etc, when there is no ambiguity. But we keep the
superscript in Z1s+ to indicate that it is a subfunctor of N(1,1).
As N(1,1) = N ×SpfW Spf OFˇ , we define the sub formal scheme
(4.4) (Z)SpfOFˇ = Z ×SpfW Spf OFˇ
of N(1,1) for any sub formal scheme Z of N .
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Proposition 4.1. There is an irreducible Weil divisor Y1s− (resp. Y1s+ , (Y ′s−)1
or (Y ′s+)1) which is a sub formal scheme of the Cartier divisor (Ys−)SpfOFˇ (resp.
(Ys+)SpfOFˇ , (Y ′s−)Spf OFˇ or (Y ′s+)SpfOFˇ ) such that Y1s− (resp. Y1s+ , (Y ′s−)1 or
(Y ′s+)1) is the purification of Z1s− (resp. Z1s+ , (Z ′s−)1 or (Z ′s+)1). Y1s− (resp. Y1s+
, (Y ′s−)1 or (Y ′s+)1) is isomorphic to SpfWs.
Proof. Recall from the proof of Theorem 3.4 that the structure ring of N ∼=MΓ0(p)
is
R =W [[X,Y ]]/(f(X,Y )),
where f(X,Y ) is the modular equation and Ys− is defined by a single equa-
tion gs−(X,Y ). Moreover there is an isomorphism of rings which is a W [[X ]]-
homomorphism
W [[X ]]/(gs(X))
∼=−→ R/(gs−(X,Y )),
where gs(X) is monic of degree 2p
s and defines the quasi canonical lift Zs in M.
Now recall from subsection 4.1 that gs(X) = g
1
s(X)g
2
s(X) in OFˇ [[X ]] where gis(X)
(i = 1, 2) are conjugate irreducible Eisenstein polynomials. Now define the ideal
pi = (gs−(X,Y ), g
i
s(X)) ⊂ R ⊗W OFˇ
for i = 1, 2. Then
R⊗W OFˇ /pi ∼= OFˇ [[X ]]/(gis(X)) ∼=Ws.
Hence pi is prime and defines an irreducible Weil divisor Yis− in N(1,1). Since g1s(X)
defines the quasi canonical lift Zs in (M)SpfOFˇ , pi is an associated prime of Z1s−.
Moreover we have
p1p2 = (gs−(X,Y )) ⊂ R⊗W OFˇ .
Now let p be an associated prime of Z1s− which gives rise to a horizontal cycle. Then
p ∩R must be (gs−(X,Y )) (an ideal of R) by Theorem 3.4. Hence gs−(X,Y ) ∈ p.
Since R⊗W OFˇ /p has dimension 1, p must be an associated prime of (gs−(X,Y )).
Then by the uniqueness of Lasker-Noether primary decomposition of (gs−(X,Y ))
(an ideal of R⊗W OFˇ ), we know that p must be p1. The proposition is proved. 
4.2. Quasi canonical lifting divisors on NKra. Recall that Φ : NKra → N(1,1)
is a blow-down map. We use Φ∗ to denote the induced scheme-theoretic inverse
image. If Z is a horizontal Cartier divisor in N(1,1), then
(4.5) Φ∗(Z) = Z˜ +mExc,
where Z˜ is a horizontal divisor. This is because Z is horizontal and Φ is an iso-
morphism outside Exc, so the only vertical divisor that can show up on the right
side of the above equation is Exc. We apply this procedure to (Ys−)SpfOFˇ , (or
(Ys+)SpfOFˇ , (Y ′s−)SpfOFˇ and (Y ′s+)SpfOFˇ resp.) to get
(4.6) Φ∗((Ys−)Spf OFˇ ) = Y˜s− +mExc.
Proposition 4.2.
Y˜s− = Y˜1s− + Y˜2s−,
where Y˜1s− and Y˜2s− are two different irreducible horizontal divisor, each isomorphic
to SpfWs. Y˜1s− is the only horizontal divisor contained in Φ∗(Y1s−) or Φ∗(Z1s−).
Similar statements hold for Y˜s+, Y˜ ′s− and Y˜ ′s+.
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Proof. We use the notations in the proof of Proposition 4.1. Recall that
(Ys−)SpfOFˇ = Spf (R⊗W OFˇ /(gs−(X,Y ))) ∼= Spf OFˇ [[t]]/(g1s(X)g2s(X)),
where R =W [[X,Y ]]/(f(X,Y )) and f(X,Y ) is the modular equation. Since NKra
is regular, we can decompose the horizontal divisor Y˜s− into irreducible horizontal
divisors
Y˜s− =
ℓ∑
i=1
Y˜ℓs−.
Since Y˜s− and (Ys−)SpfOFˇ are the same outside Exc, by counting components at
the ”generic fiber”, we know that
Y˜s− = Y˜1s− + Y˜2s−,
where Y˜1s− and Y˜2s− are two different irreducible horizontal divisor that are Galois
conjugate of each other. Let pt be a point where Exc and Y˜1s− intersect. And let
Rpt be the local ring of NKra at pt. Also assume that Y˜s−, Y˜1s−, Y˜2s− are defined
respectively by f , f1 and f2 locally. Then the morphisms
Y˜1s− →֒ Y˜s− Φ−→ (Ys−)SpfOFˇ
induces ring homomorphisms
OFˇ [t]/(g1s(t)g2s (t))
φ−→ Rpt/(f) −→ Rpt/(f1).
We conclude that Rpt/(f1) contains a quotient ring of OFˇ [t]/(g1s(t)g2s(t)). No-
tice that Rpt/(f1) is integral and has characteristic 0. The only quotient rings of
OFˇ [t]/(g1s(t)g2s(t)) which are integral domain of characteristic 0 are OFˇ [t]/(g1s(t))
and OFˇ [t]/(g2s(t)). Without loss of generality we can assume that OFˇ [t]/(g1s(t)) is a
sub ring of Rpt/(f1). Again since Y˜s− and (Ys−)SpfOFˇ have the same generic fiber,
we know that
OFˇ [t]/(g1s(t))⊗Z Q = Rpt/(f1)⊗Z Q.
However both OFˇ [t]/(g1s(t)) and Rpt/(f1) are finite over OFˇ , and OFˇ [t]/(g1s(t)) is
integrally closed over OFˇ . Hence
Rpt/(f1) = OFˇ [t]/(g1s(t)) ∼=Ws.
That is to say
Y˜1s− ∼= Y1s− ∼= SpfWs.
Similarly Y˜2s− ∼= Y2s− ∼= SpfWs.
Now any horizontal divisor Z of NKra contained in Φ∗(Y1s−) or Φ∗(Z1s−) is a sub
divisor of Y˜s−. By the moduli interpretation of Z1s− as quasi canonical lifting cycle
(see subsection 4.1), we know that Z must be Y˜1s−. 
Corollary 4.1. Notations are as in Proposition 4.2, then we know that
Y˜1s− · Exc = 1.
Proof. By Corollary 3.1 and the proof of Proposition 4.2, we know that the com-
position of maps
NKra Φ−→ N(1,1) p1−→ (M)SpfOFˇ
restricted on Y˜1s− is an ismorphism to its image which is Spf OFˇ [[X ]]/(g1s(X)) ∼=
SpfWs where p1
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singular locus of the moduli space, hence both factors of the p-divisible group (pulled
back from the universal p-divisble group over NKra) G1 ×G2 over Y˜1s− ∩Exc must
be super singular. The equation for G1 to be super singular is then π = X = 0.
Hence
Y˜1s− ∩ Exc = Spec k,
and Y˜1s− · Exc = 1. 
Proposition 4.3. Y˜10 and (Y˜ ′0)1 intersect with NKras at two different points of Exc
which are not P1 and P2. For s ≥ 1, the divisors Y˜1s− and (Y˜ ′s−)1 intersect the
special fiber NKras of NKra only at P1, the divisors Y˜1s+ and (Y˜ ′s+)1 intersect NKras
only at P2. Here P1 and P2 are the only singular points of NKras (the special fiber
of NKra) described in Lemma 2.1.
Proof. Let us deal with the case s ≥ 1 first. Recall that (see subsection 2.3) as
divisors
NKras = Z1 + Z2, and Z1 ∩ Z2 = P1 ∪ P2.
Since Y˜1s− ·Exc = 1, we know that Y˜1s− must intersect with Exc at P1 or P2: if not
the intersection number Y˜1s− · NKras would also be 1 because then Y˜1s− would have
no intersection with Z2. But we know that Y˜1s− · NKras = [Ws :W0] = ps > 1.
To tell which one of P1 and P2, we need to use the concepts of formal modulus
of quasi canonical lifts (see section 4 of [Wew05b]). We know by Proposition 4.6 of
[Wew05b] that the formal modulus of Gs is
v(Gs) = 1
2ps
.
Recall that we have a degree p isogeny γs : Gs → Gs−1. In terms of power series, it
can be represented by (equation (4.1) of [Wew05b]):
γs(X) = csX + higher order terms
We then define v(Lie(γs)) := valp(cs). This is independent of choice of the param-
eter X . By Corollary 4.8 of [Wew05b], we have
v(Lie(γs)) = 1− v(Gs) = 1− 1
2ps
.
Recall that the dual isogeny βs : Gs−1 → Gs satisfies βs ◦ γs = ιGs(π0). Then
v(Lie(βs)) = 1− v(Lie(γs)) = 1
2ps
Assume that e1 is a basis of Lie(Gs) and e1 is a basis of Lie(Gs−1), then with
respect to the basis {e1, e2} of Lie(Xs−), we have
Π|LieXs− =
(
0 bs
cs 0
)
Its π-eigenspace is then the span of
e1 +
cs
π
e2.
This vector reduce to e1 at the special fiber as valp(
cs
π ) =
1
2 − 12ps > 0. By the
definition of Kra¨mer model, we have a natural section of the projective bundle
P1(LieX) → Y1s− which corresponds to the filtration FX ⊂ LieX → Y1s−. The
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above calculation shows that the section takes the value span{e1} at the special
fiber. Hence Y1s− intersect NKras at P1 = span{e1}.
The case for (Y˜ ′s−)1 is the same. The case for Y˜1s+ and (Y˜ ′s+)1 is also the same
except that one has to switch the role of e1 and e2 in the above calculation.
Y˜10 · NKras = 1, hence it intersects with NKras at a nonsingular point of Exc. Any
nonsingular point is not fixed by sδ (see equation (2.13)). Hence Y˜10 and (Y˜ ′0)1
intersect with NKras at two different nonsingular points.

5. Special cycles
In this section, we define special cycles on NKra and decompose them into irre-
ducible cycles that are introduced in previous sections.
5.1. Special endomorphisms. We can define special cycles in the same way as
[KR11] (see also [Shi18]). The definition makes sense for both N(1,1) and NKra and
gives closed sub formal schemes in both cases.
First define the space of special quasi-homomorphisms to be the F -vector space
V = HomOF (G,X)⊗Z Q
For x, y ∈ V, let
(5.1) h(x, y) = λG ◦ yˆ ◦ λX ◦ x ∈ EndOF (G)⊗Q
ι−1
G−−→
∼
F.
This form is OF -valued on the lattice L = HomOF (G,X).
For x, y ∈ V we abuse notation and denote the induced map between the cor-
responding Dieudonne´ modules still by x, y. Then by Lemma 3.3 of [Shi18] we
have
(5.2) h(x, y)(10, 10)G = (x(10), y(10))X,
where (, )X and (, )G are the hermitian forms defined in (2.2) for the rational
Dieudonne´ module of X and G respectively and 10 ∈ M(G) is defined in equa-
tion (2.10). In particular, h(, ) similar to (, )X, so one is anisotropic if and only if
the other is.
We also know by Corollary 3.1 of [Shi18] that under the hermitian form h(, ),
the lattice L = HomOF (G,X) is self-dual, i.e. L = L
∗ where for a lattice L ⊂ V
L∗ = {x ∈ V | h(x, y) ∈ OF , ∀y ∈ L}.
Definition 5.1. For a fixed m-tuple (m ≤ 2) x = [x1, . . . , xm] of special homo-
morphisms xi ∈ V, the associated special cycle ZKra(x) (ZPap(x) resp.) is the
subfunctor of collections ξ = (Y, ι, λY , ρY ;X, ι, λX , ρX ,F0) in N(1,0) ×SpecOFˇ NKra
( ξ = (Y, ι, λY , ρY ;X, ι, λX , ρX) in N(1,0)×SpecOFˇ N(1,1) resp.) such that the quasi-
homomorphism
ρ−1X ◦ x ◦ ρY : Y ×S S¯ → X ×S S¯
extends to a homomorphism from Y to X .
Remark 5.2. Actually, in the above definition Y ∼= G. We know that N(1,0) ∼=
Spf OFˇ . We fix such an identification by using the framing map ρG = idG. Then
N(1,0) ×SpecOFˇ NKra (N(1,0) ×SpecOFˇ N(1,1) resp.) is identified with NKra (N(1,1)
resp.). Hence we often drop the first quadruple (Y, ι, λY , ρY ) in ξ.
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Remark 5.3. Strictly speaking, the name ” cycle” should be reserved for an element
in the Chow group. So ZKra(x) is a cycle in this sense but Z(x) is not. However
we still refer to Z(x) as a special cycle for convenience.
Remark 5.4. In the introduction we use the notation Z(x) for ZKra(x).
We now describe a basis of V. Recall that (X, ιX, λX) can be defined as in equation
(2.6). Define i1 : G → X and i2 : G → X by the function on SpecR-points (R a
k-algebra)
(5.3) i1(x) = (x, x), i2(x) = (δx,−δx).
Lemma 5.5. i1 and i2 are OF -morphisms.
Proof. It is a direct calculation.
i1(ιG(π)x) =i1(πx) = (πx, πx),
ιX(π)i1(x) =ιX(π)(x, x) = (πx, πx)
Since i2 = sδ ◦ i1 and sδ (see equation 2.13) is an automorphism of (X, ιX, λX), the
lemma follows. 
By the calculations in subsection 2.2, we know that
i1(10) = v1, i2(10) = v2,
and by equation (5.2), we know
(5.4) h(i1, i1) = 2, h(i1, i2) = 0, h(i2, i2) = −2δ2.
5.2. Quasi-canonical lifting cycles in special cycles. By the arguments in
subsection 4.1, we have quasi-canonical lift cycles in N(1,1).
Define the map xs+ : G → Xs+ by
(5.5) xs+ = [(αs−1 ◦ ιG(π)) × αs] ◦∆,
when s ≥ 1 where ∆ is the diagonal embedding G → X0. And define x0 : G → X0
by x0 = ∆.
Lemma 5.6. The map xs+ : G → Xs+ is an OF -module morphism.
Proof. Since the case s = 0 is easy, we assume s ≥ 1. Because the reduction map
End(X,Y )→ End(X ⊗ k, Y ⊗ k) is injective, it suffices to check that
(5.6) (ρs−1 × ρs) ◦ (xs+ ⊗ k) ◦ ιG(π) = (ρs−1 × ρs) ◦ ιs+(π)⊗ k ◦ (xs+ ⊗ k).
Let e ∈ G(R) where R is a k-algebra. Then
(ρs−1 × ρs) ◦ (xs+ ⊗ k) ◦ ιG(π)(e)
=(ρs−1 × ρs) ◦ (xs+ ⊗ k)(πe)
=(ρs−1 ◦ (αs−1 ⊗ k) ◦ ιG(π) ◦ (πe), ρs ◦ (αs ⊗ k)(πe))
=(ρs−1 ◦ βs−1 ⊗ k ◦ ρ−1s−2 ◦ . . . ◦ ρ1 ◦ β1 ⊗ k ◦ ρ−1G ◦ π ◦ (πe),
ρs ◦ βs ⊗ k ◦ ρ−1s−1 ◦ . . . ◦ ρ1 ◦ β1 ⊗ k ◦ ρ−1G (πe))
=((π)s−1π2e, (π)sπe).
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where the last equality follows from equation (3.3). And
(ρs−1 × ρs) ◦ ιs+(π) ⊗ k ◦ (xs+ ⊗ k)(e)
=(ρs−1 × ρs) ◦ ιs+(π) ⊗ k ◦ ((αs−1 ⊗ k)πe, (αs ⊗ k)e)
=(ρs−1 ◦ (γs ⊗ k) ◦ (αs ⊗ k)(e), ρs ◦ (βs ⊗ k) ◦ (αs−1 ⊗ k)(πe))
=(ρs−1 ◦ (γs ◦ βs)⊗ k ◦ (αs−1 ⊗ k)(e), ρs ◦ (αs ⊗ k)(πe))
=(π2 ◦ ρs−1 ◦ (αs−1 ⊗ k)(e), ρs ◦ (αs ⊗ k)(πe))
=(π2(π)s−1e, (π)sπe).
We have used the fact that π2 = π0 is in the center of D in the second last equality.
We see that the left and right hand sides of equation (5.6) is the same. 
In order to get uniform statements of theorems, we assume
Z10+ = Z10− = Z10 = (X0, ι0, λ0, ρ0).
Now we compute (ρs−1 × ρs) ◦ (xs+ ⊗ k) for s ≥ 1. By using the calculation in
the proof of Lemma 5.6, we have
(ρs−1 × ρs) ◦ (xs+ ⊗ k)(e)
=((π)s−1πe, (π)se)
=(πse, πse).
Hence by equation (5.3),
(5.7) (ρs−1 × ρs) ◦ (xs+ ⊗ k) = i1 ◦ πs.
In other words, xs+ extends the homomorphism ρ
−1
s+ ◦ (i1 ◦ πs) ◦ ρG (ρG = idG).
For the case s = 0, clearly ρ−10 ◦ (x0 ⊗ k) = i1.
Similarly define the map xs− : G → Xs− by
(5.8) xs− = [αs × (αs−1 ◦ ιG(π))] ◦∆,
for s ≥ 1. By a similar calculation as in the case of xs+, we know that xs− extends
the homomorphism ρ−1s− ◦ (i1 ◦ πs) ◦ ρG .
Recall that we can define (Z ′s+)1 = (Xs+, ιs+, λs+, ρ′s+) where everything is the
same as Z1s+ except that now
ρ′s+ = sδ ◦ ρs+ = sδ ◦ (ρs−1 × ρs),
where sδ is defined in equation (2.13). Now we see that xs+ extends the homomor-
phism
(ρ′s+)
−1 ◦ (sδ ◦ i1 ◦ πs) ◦ ρG = (ρ′s+)−1 ◦ (i2 ◦ πs) ◦ ρG .
Analogously one can define (Z ′s−)1 = (Xs−, ιs−, λs−, ρ′s−) where everything is
the same as (Zs−)1 except that that ρ′s− = sδ ◦ ρs−. Now xs− extends the homo-
morphism (ρ′s−)
−1 ◦ (i2 ◦ πs) ◦ ρG .
We summarize the above constructions with the following proposition.
Proposition 5.1. Z1s+, Z1s−, (Z ′s+)1 and (Z ′s−)1 are closed sub formal schemes in
N(1,1). Let x = i1 ◦ πa ∈ V and y = i2 ◦ πb ∈ V, then we have in N(1,1):
Z1s+ ⊆ ZPap(x),Z1s− ⊆ ZPap(x)
for 0 ≤ s ≤ a and
(Z ′s+)1 ⊆ ZPap(y), (Z ′s−)1 ⊆ ZPap(y)
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for 0 ≤ s ≤ b.
Proof. Closedness are proved for quasi canonical lifting cycles in N in Proposition
3.2. The proof for for quasi canonical lifting cycles in N(1,1) are the same.
Then composition of homomorphisms
G πa−s−→ G xs+−→ Xs+
lifts ρ−1s+ ◦x ◦ ρG , hence Z1s+ ⊆ ZPap(x). The inclusions of Z1s−, (Z ′s+)1 and (Z ′s−)1
into special cycles are similar. 
5.3. Special cycles in NKra. It is proved in Proposition 3.2.3 of [How15] that
ZKra(x) is a divisor.
Lemma 5.7. Let x = i1 ◦ [π]a and Z be an irreducible horizontal component of
ZKra(x), then Z is equal to Y˜1s− or Y˜1s+ for some s such that 0 ≤ s ≤ a.
Proof. Recall that we have the blow-down map Φ : NKra → N(1,1). Now since
N(1,1) = (N )Spf OFˇ ∼= (MΓ0(p))SpfOFˇ ⊂ (M×M)SpfOFˇ ,
we know that the universal p-divisible group X over Z is equal to G1 × G2 and
pi ◦ x is an isogeny from G to Gi (i = 1, 2) of degree pa. Hence both G1 and G2
are quasi canonical lifts of level a or less (c.f. section 4 of [Wew05b]). Moreover in
order that x lifts to a homomorphism over Z, X must have an appropriate framing
map Xs → X ×Speck Zs. Hence we know that Φ(Z) is in Z1s− or Z1s+ for some s
between 0 and a. Now the lemma follows from Proposition 4.2. 
Theorem 5.8. Recall that we have defined Y˜1s± and (Y˜ ′s±)1 in Proposition 4.2. Let
x = i1 ◦ [π]a and y = i2 ◦ [π]b. Then we have
ZKra(x) = Y˜10 +
a∑
s=1
Y˜1s− +
a∑
s=1
Y˜1s+ + (a+ 1)Exc,
and similarly
ZKra(y) = (Y˜ ′0)1 +
b∑
s=1
(Y˜ ′s−)1 +
b∑
s=1
(Y˜ ′s+)1 + (b+ 1)Exc.
Proof. We prove the equation for ZKra(x), the case for ZKra(y) is similar. Exc is
obviously in ZKra(x) and it follows from Proposition 5.1 and Proposition 4.2 that
all the other irreducible components on the right hand side of the equation indeed
shows up in the decomposition of ZKra(x).
Conversely by Lemma 5.7 any irreducible horizontal component of ZKra(x) must
be Y˜1s− or Y˜1s+ for some 0 ≤ s ≤ a. Let V be a vertical component of ZKra(x),
We claim that Φ(V ) must be supported on the reduced locus of N(1,1) which is its
unique point Sing. This claim follows form the same proof as Proposition 5.1.1 of
[LZ19]. Alternatively, since N(1,1) ∼= (MΓ0(p))Spf OFˇ , the universal p-divisible group
X over Z is G1×G2. There is an isogeny p1 ◦ x : G→ G1 (resp. p2 ◦x : G→ G2).
Hence G1 and G2 are supersingular. This implies that V = Exc.
The multiplicity one of Y˜1s− and Y˜1s+ in ZKra(x) follows from the same argument
as in the proof of Theorem 4.2.1. of [LZ19]. It remains to calculate the multiplicity
m of the exceptional divisor Exc in ZKra(x). By Proposition 4.3 and Corrollary
4.1 we know that
m = (Y˜ ′0)1 · ZKra(x).
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By the definition of (Y˜ ′0)1 and ZKra(x), their intersection is the locus in Z0 =
Spf OFˇ such that the map
G→ G×G : (ρ′0)−1 ◦ ιG(πa)× ιG(πa) ◦∆
lifts, where ρ′0 = ιG(δ) × (−ιG(δ)). By Theorem 1.4 of [Wew05b], the above map
lifts to Spf OFˇ /(πa+1) but not to Spf OFˇ /(πa+2). And Spf OFˇ /(πa+1) has length
a+ 1 as a OFˇ -module. 
6. Intersection of special cycles
6.1. In this subsection, we study the deformation locus of special endomorphisms
on quasi canonical lifts. Most of the steps are similar to Section 7 of [KR11]. A
crucial difference occurs at Lemma 6.2 (compared with Lemma 7.4 of [KR11]). This
difference occurs because we are working on schemes over Spf OFˇ instead of SpfW .
Assume that A is a finite extension of W with uniformizer λ, and let Am =
A/λm+1. We also let e be the absolute ramification index of A over W and denote
by ordA the discrete valuation on A with ordA(λ) =
1
e . Suppose Gr and Gs are the
quasi-canonical liftings defined over A. Suppose that a homomorphism
ψ : Gr ×SpfWr SpecF −→ Gs ×SpfWs SpecF
is given. Define nr,s(ψ) to be the maximal m such that ψ lifts to a homomorphism
Gr ×SpfWr Spf Am −→ Gs ×SpfWs Spf Am.
As in [Wew05a], let Hr,s ⊂ D be the subset of elements φ that lift to homomor-
phisms from Gr to Gs. If s ≥ r, then Hr,s = πs−rOr and there is an isomorphism
(6.1) Hr,s
∼−→ Hr,s+1, φ 7→ πφ,
(c.f. Proposition 1.1 of [Wew05a]). Also, passage to dual isogenies shows that
nr,s(φ) = ns,r(φ
∗). Hence we may assume s ≥ r, as we shall do from now on. For
ψ ∈ OD\Hr,s, let
(6.2) lr,s(ψ) = max{v(ψ + φ) | φ ∈ Hr,s, }
where v is the valuation on D with v(π) = 1. More explicitly, l = lr,s(ψ) is the
positive integer such that
(6.3) ψ ∈ (πs−rOr + πlOD)\(πs−rOr + πl+1OD).
Notice that if v(ψ) < s− r, then lr,s(ψ) = v(ψ).
We will determine n0,s(ψ). First by Theorem 2.1 of [Vol05], if ψ ∈ OD\Hr,r
with lr,r(ψ) = l, then
nr,r(ψ) = e/er

(pl/2−1)(p+1)
p−1 + 1 if l ≤ 2r and l even
(p(l−1)/2−1)(p+1)
p−1 + p
(l−1)/2 + 1 if l ≤ 2r and l odd
(pr−1−1)(p+1)
p−1 + p
r−1 + ( l+12 − r)er + 1 if l ≥ 2r − 1
By Corollary 5.3 of [Wew05b]:
Lemma 6.1. Suppose that Gr, Gs and Gs+1 are defined over A and that ψ ∈
OD\Hr,s for r ≤ s. Then
nr,s+1(πψ) = nr,s(ψ) + e/es+1.
SPECIAL CYCLES ON UNITARY SHIMURA CURVES AT RAMIFIED PRIMES 27
Now suppose that s > r and that ψ ∈ OD\Hr,s with l = lr,s(ψ) ≥ s − r. Then
by equation (6.1) πr−sψ ∈ OD\Hr,r. By Lemma 6.1, we have
(6.4) nr,s(ψ) =
e
es
+
e
es−1
+ · · ·+ e
er+1
+ nr,r(π
r−sψ).
Next suppose that s > r and that l = lr,s(ψ) < s − r. Then we may assume that
v(ψ) = l = lr,s(ψ). In this case, we may pull out π
l of ψ, apply Lemma 6.1 again,
we get
(6.5) nr,s(ψ) =
e
es
+
e
es−1
+ · · ·+ e
es−l+1
+ nr,s−l(π
−lψ).
Now π−lψ ∈ O×D, so that a lift of π−lψ overAm defines an isomorphism Gr×SpfWr
Spf Am
∼−→ Gs ×SpfWs Spf Am.
Lemma 6.2. Suppose that lr,s(ψ) = 0 and s ≥ 2r. Then
nr,s(ψ) =
1
2
(e/es)er.
Proof. Replace W by OFˇ in the proof of Proposition 7.7.7 of [KRY06], we see that
the locus where Gr is isomorphic to Gs is Spf Am with m = 12 (e/es)er. By Theorem
2.1 of [Vol05], ψ lifts to Gr ×SpfWr Spf Am′ → Gr×SpfWr Spf Am′ where m′ = e/er.
Notice that m ≤ m′ under the assumption s ≥ 2r. The lemma follows. 
Thus if ψ ∈ OD\Hr,s with l = lr,s(ψ) < s− r and s− l ≥ 2r, we obtain
nr,s(ψ) =
e
es
+
e
es−1
+ · · ·+ e
es−l+1
+
1
2
(e/es−l)er.
Summarize what we have:
Proposition 6.1. Let l = l0,s(ψ). Then
n0,s(ψ) = e/es
{
pl+1−1
p−1 if l < s
ps−1
p−1 +
1
2 (l + 1− s)es if l ≥ s
6.2. Intersection numbers.
Proposition 6.2.
Y˜1s+ · ZKra(y) = Y˜1s− · ZKra(y) =
{
pb+1−1
p−1 if b < s
ps−1
p−1 + (b + 1− s)ps if b ≥ s
,
and
(Y˜ ′s+)1 · ZKra(x) = (Y˜ ′s−)1 · ZKra(x) =
{
pa+1−1
p−1 if a < s
ps−1
p−1 + (a+ 1− s)ps if a ≥ s
,
Proof. Let A = Ws and λ be a uniformizer of A. First assume s ≥ 1. We know
that the diagram
Zs p1← Y˜1s− p2→ Zs−1
identifies Y˜1s− with Zs ∼= SpfWs and Ws−1 (the structure ring of Zs−1) with a
subring of Ws. Then Y˜1s− ∩ Z(y)Kra is the locus of Y˜1s− such that the map
(6.6) G→ G×G : (πb × πb) ◦ sδ ◦∆
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extends. More precisely let
m = Y˜1s− · ZKra(y),
then m is biggest integer such that the map in equation (6.6) can be extended to
G ×SpfW0 SpecA/(λm)→ (Gs × Gs−1)×SpfWs SpecA/(λm).
By Proposition 6.1, the map
G→ G : πb ◦ δ
can be extended to G ×SpfW0 SpecA/(λm1)→ Gs×SpfWs SpecA/(λm1), but not to
G ×SpfW0 SpecA/(λm1+1)→ Gs ×SpfWs SpecA/(λm1+1) where
m1 =
{
pb+1−1
p−1 if b < s
ps−1
p−1 + (b + 1− s)ps if b ≥ s
as l0,s(π
b ◦ δ) = b.
Similarly, the map
G→ G : πb ◦ δ
can be extended to G ×SpfW0 SpecA/(λm2)→ Gs−1 ×SpfWs SpecA/(λm2), but not
to G ×SpfW0 SpecA/(λm2+1)→ Gs−1 ×SpfWs SpecA/(λm2+1) where
m2 = p
{
pb+1−1
p−1 if b < s− 1
ps−1−1
p−1 + (b+ 2− s)ps−1 if b ≥ s− 1
as l0,s−1(π
b ◦ δ) = b. Then we know that
m = min{m1,m2} = m1.
The case when s = 0 is similar and simpler. Similar arguments produce the formula
for the other cases in the proposition. 
Corollary 6.1. Suppose s, t ≥ 1. Then
Y˜1s+ · (Y˜ ′t+)1 = Y˜1s− · (Y˜ ′t−)1 = pmin{s,t} − 1.
Proof. By Proposition 4.3, Y˜1s− does not intersect with (Y˜ ′0)1 and (Y˜ ′t+)1. Now if
s ≥ t, let x = i1 ◦ πs and y = i2 ◦ πb for 0 ≤ b ≤ t. The fact that
Y˜1s− · (Y˜ ′b−)1 = pmin{s,b} − 1
now follows from Theorem 5.8 and Proposition 6.2 by an easy induction on b.
If s < t, we reverse the role of s and t in the above argument. Similarly one can
prove that Y˜1s+ · (Y˜ ′t+)1 = pmin{s,t} − 1. 
For a rank two integral lattice L in V, define Int(L) as in equation (1.3) the
introduction.
Theorem 6.3. Suppose (V, h(, )) is anisotropic. Let L be a Hermitian lattice in V
such that its Hermtian form is equivalent to T =
(
u1(−π0)a 0
0 u2(−π0)b
)
, where
u1, u2 ∈ Z×p . Then
Int(L) = µp(T ),
where
µp(T ) = 2
min{a,b}∑
s=0
ps(a+ b + 1− 2s)− a− b− 2.
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Proof. By [How19], the intersection number Int(L) is well-defined. In other words,
we can choose any basis {x,y} of L, then we have
Int(L) = Z(x) ∩L Z(y).
So we can choose {x,y} such that(
(x,x) (x,y)
(y,x) (y,y)
)
=
(
u1(−π)a 0
0 u2(−π)b
)
.
We can further assume that x = i1 ◦ [π]a and y = i2 ◦ [π]b by changing the frame
ρX by an element in U(V) if necessary (it is an isomorphism). Decompose ZKra(x)
and ZKra(y) as in Theorem 5.8 and then apply Corollary 6.1, Corrollary 4.1 and
Lemma 2.2, the theorem is now proved by elementary arithmetic. 
7. Relation with local densities
In this section let χp(a) = (a, p)p for a ∈ Z×p where (, )p is the quadratic Hilbert
symbol. Let T and S be non degenerate Hermitian matrices with values in F of
rank n and m respectively and assume n ≤ m. Let
Nd(S, T ) = ♯{X ∈Mm,n(OF ) (mod πd0) | X∗SX ≡ T (mod πd0)}.
It is well know that the limit
lim
d→∞
p−dn(2m−n)Nd(S, T )
exists and is defined to be the local representation density α(S, T ). This quantity
only depends on the isomorphism classes of S and T . Following the algorithm of
[Hir00], one can compute this quantity in general.
Now we specialize to the case n = 2. Let
T =
(
u1(−π0)a 0
0 u2(−π0)b
)
, S =
(
v 0
0 1
)
,
where u1, u2, v ∈ Z×p . Without loss of generality we assume a ≥ b. Define
Sr = S ⊕ 1
π
(
0 Ir
−Ir 0
)
.
Then one can prove using Hironaka’s algorithm that α(Sr , T ) = F (S, T,X)|X=p−2r
where
F (S, T,X)
(7.1)
=1 + (p− 1)
b+1∑
e=1
pe−1Xe − χp(−u1u2)Xa+b+2 +
b∑
e=1
(p− 1)χp(−u1u2)pb+1−eXa+1+e
+
b∑
e=1
(p− 1
p
)χp(−v)peXe − χp(−v)pbXb+1 + χp(u1u2v)pb+1Xa+1.
30 YOUSHENG SHI
7.1. Now if we assume that χp(−v) = 1 (so S is isotropic) and χp(−u1u2) = −1
(so T is anisotropic) then
F (S, T,X)
=1 +
b∑
e=1
(p+ 2)(p− 1)pe−1Xe − pb+1Xa+1 +Xa+b+2 + (p− 2)pbXb+1 − (p− 1)
b∑
e=1
peXa+b+2−e.
and
F (S, S,X) = −X2 + (2p− 2)X + 1.
In particular
α(S, S) = F (S, S, 1) = 2p− 2.
We define
(7.2) α′(S, T ) = − ∂
∂X
F (S, T,X)|X=1.
Hence
(7.3)
∂
∂r
α(Sr , T )|r=0 = 2 log p · α′(S, T ).
Then it is easy to see that
(7.4)
α′(S, T )
α(S, S)
=
b∑
e=0
(a+ b+ 1− 2e)pe − 1
2
(a+ b+ 2).
Combining Theorem 6.3, we have proved that
Theorem 7.1. Suppose (V, h(, )) is anisotropic. Let L be a Hermitian lattice in V
such that its Hermtian form is equivalent to T =
(
u1(−π0)a 0
0 u2(−π0)b
)
, where
u1, u2 ∈ Z×p . Then
Int(L) = 2
α′(S, T )
α(S, S)
,
where S =
(
v 0
0 1
)
with v ∈ Z×p and (−v, p)p = 1.
7.2. Let S′ =
(
u1u2 0
0 1
)
with χp(−u1u2) = −1. Then by equation (7.1), we
have
F (S′, T,X)
=1− (p− 1)
b∑
e=1
peXe + pb+1Xa+1 +Xa+b+2 + pb+1Xb+1 − (p− 1)
b∑
e=1
peXa+b+2−e.
In particular
(7.5) α(S′, T ) = F (S′, T, 1) = 6 = α(S′, S′),
is independent of a and b.
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Part 2. Global theory
8. Intersection of special cycles on unitary Shimura curves over
ramified primes
8.1. Global moduli problem and special cycles. In this subsection, we briefly
review the definition of an integral model of Shimura variety defined as in [KR14b]
over SpecOk[∆−1] or as in [BHK+17] over SpecOk . Let
MPap(n−1,1) → SpecOk
be the algebraic stack whose functor of points assigns to each SpecOk scheme S
the groupoids of triples (A, ι, λ) where
(1) A→ S is an Abelian scheme of relative dimension n.
(2) ι : Ok → End(A) is an action satisfies the following determinant condition
det(T − ι(α) | Lie(A)) = (T − α)n−1(T − α¯) ∈ OS [T ],
for all α ∈ Ok.
(3) There is a principal polarization λ : A → A∨ whose Rosati involution
satisfies ι(α)∗ = ι(α¯) for all α ∈ Ok.
(4) The action of Ok on Lie(A) satisfies the Pappas wedge condition ([Pap00])
∧2(ι(α) − α) = 0, ∧n(ι(α) − α¯) = 0.
For n = 2, this condition follows from the signature condition (2).
Similarly we can define the moduli stack M(1,0) (c.f. Section 2.2 of [BHK+17]).
MPap(n−1,1) is flat of relative dimension n−1 over SpecOk and is Cohen-Macaulay
and normal (c.f. [Pap00]). Its singular locus is of dimension zero and is supported
over the characteristics dividing ∆. There is a blow-up ofMPap(n−1,1) along its super
singular locus Proposed by [Kra¨03]. It is denoted by
MKra(n−1,1) →MPap(n−1,1).
It is an algebraic stack whose functor of points assigns to each SpecOk scheme S
the groupoids of triples (A, ι, λ,FA) where
(1) (A, ι, λ) ∈MPap(n−1,1)(S).
(2) FA ⊂ Lie(A) is an Ok stable OS module local direct summand of rank
n − 1 satisfying the Kra¨mer condition: Ok acts on FA by the structure
map Ok → OS and acts on Lie(A)/FA by the complex conjugate of the
structure map.
The map MKra(n−1,1) →MPap(n−1,1) simply forgets FA.
Now define
MPap =M(1,0) ×MPap(n−1,1),MKra =M(1,0) ×MKra(n−1,1),
where all the fiber products are taken over SpecOk.
Now we review the definition of special cycles. For (E, ι0, λ0, A, ι, λ) ∈ MPap(S)
(resp. MKra(S)) where S is a SpecOk scheme, consider the free Ok module of
finite rank
V ′(E,A) = HomOk(E,A).
On this module there is a hermitian form h′(x, y) defined by
(8.1) h′(x, y) = ι−10 (λ
−1
0 ◦ y∨ ◦ λ ◦ x),
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where y∨ is the dual homomorphism of y. It is proved in Lemma 2.7 of [KR14b]
that h′(x, y) is positive definite.
Definition 8.1. For T ∈ Hermm(Ok), the special cycle ZPap(T ) (resp. ZKra(T ) ) is
the collection (E, ι0, λ0, A, ι, λ,x) (resp. (E, ι0, λ0, A, ι, λ,FA,x)) where (E, ι0, λ0, A, ι, λ) ∈
MPap(S) (resp. (E, ι0, λ0, A, ι, λ,FA) ∈ MKra(S)). And x = (x1, . . . , xm) ∈
HomOk(E,A)
m such that
h′(x,x) = (h′(xi, xj)) = T.
8.2. Uniformization of the supersingular locus. From now on we use M to
denote eitherMPap orMKra when there is no need for distinction. As in [KR14b],
we define the set R(n−r,r)(k) of relevant hermitian spaces of dimension n over k to
be the set of isomorphism classes of hermitian spaces V with sig(V ) = (n − r, r)
which contains a self-dual Ok-lattice. Let
GV = GU(V ) = {g ∈ GL(V ) | (gv, gw) = ν(g)(v, w), ∀v, w ∈ V },
andGV1 = U(V ). Then by Hasse principle (see Lemma 2.11 of [KR14b]), |R(n−r,r)(k)| =
2δ−1 where δ is the number of prime divisors of ∆. Define R(n−r,r)(k)♯ be the
set of isomorphism classes of pairs V ♯ = (V, [[L]]) where V ∈ R(n−r,r)(k) and
[[L]] is a GV1 -genus of self-dual hermitian lattices in V . For a hermitian space
V ∈ R(n−r,r)(k), the number of GV1 -genera of self-dual lattices in V is either 1 or
2 depending on the isomorphism class of V2 (see Corollary 2.16 of [KR14b]). In
particular, R(1,0)(k) = R♯(1,0)(k).
For a SpecOk-stack S, we write
S[
1
2
] = S ×SpecOk SpecOk[
1
2
].
We have the following decompositions (Proposition 2.12 and 2.19 of [KR14b]):
(8.2) M =
⊔
V0∈R(1,0)(k)
⊔
V ∈R(n−1,1)(k)
M(V0,V ).
(8.3) M[ 1
2
] =
⊔
V0∈R(1,0)(k)
⊔
V ♯∈R♯
(n−1,1)
(k)
M[ 1
2
](V0,V
♯).
Now let p be an odd prime that divides ∆ and F = F¯p. For V
♯ = (V, [[L]]) ∈
R♯(n−r,r)(k) one can show as in Lemma 5.1 that the supersingular locus inMV
♯
(n−r,r)(F)
is nonempty. Choose an (Ao, ιo, λo) in the supersingular locus inMV ♯(n−r,r)(F). De-
fine
GV (Apf )
0 = {g ∈ GV (Apf ) | ν(g) ∈ (Zˆp)×}.
The following is the Analogue of Theorem 5.5 in [KR14b].
Proposition 8.1. Let M̂Kra,ss(n−1,1) be the formal completion of MKra(n−1,1) ×SpecOk
SpecOFˇ along its supersingular locus. For a relevant space V ♯ = (V, [[L]]) in
R♯(n−1,1)(k), let M̂Kra,V
♯,ss
(n−1,1) be the open and closed sublocus where the rational Tate
module T p(A)0 is isomorphic to V ⊗Apf and the type of the hermitian lattice T2(A)
coincides with the type of the GV1 -genus [[L]]. Then there is an isomorphism
Θ : [IV (Q)\NKra ×GV (Apf )/Kp] ∼−→ M̂Kra,V
♯,ss
(n−1,1) ,
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of formal algebraic stacks over Spf OFˇ , where IV (Q) is the group of quasi-isogenies
in End0Ok(A
o) that preserves the polarization λo and Kp is the stabilizer of L in
GV (Apf ). A similar statement is true for MPap(n−1,1).
The proof of this proposition is exactly the same as that of Theorem 5.5 in
[KR14b]. The above Proposition also holds for M(1,0) in which case, the formal
scheme N = N(1,0) is Spf OFˇ . Combine the uniformization theorems for MKra(n−1,1)
and M(1,0), we have
Corollary 8.1. For a pair (V0, V
♯) ∈ R(1,0) × R♯(n−1,1), there is an isomorphism
of formal stacks over Spf OFˇ
M̂Kra,(V0,V ♯),ss ∼= [(IV0(Q)×IV (Q))\(N(1,0)×NKra(n−1,1)×GV00 (Apf )0/Kp0×GV (Apf )0/KV
♯,p))].
Notice that the above identification depends on the choice of a base point
(Eo, ιo0, λ
o
0;A
o, ιo, λo,FAo) ∈MKra,(V0,V ♯),ss(F).
8.3. Special cycles in the supersingular locus. Choose a base point inMKra,(V0,V ♯),ss(F)
as above. Define two hermitian spaces as in section 6 of [KR14b]:
(8.4) V˜ = Homk(V0, V ), V˜
′ = Hom0Ok(E
o, Ao).
After choosing isomorphisms
ηo : T p(Ao)
∼−→ V (Apf ), ηo0 : T p(Eo) ∼−→ V0(Apf ),
we have
(8.5) V˜ ⊗ Apf ∼= Homk⊗Apf (T p(Eo)0, T p(Ao)0).
For x ∈ V˜ ′, let
(8.6) x = ηo ◦ x ◦ (ηo0)−1 ∈ Homk⊗Apf (V0(A
p
f ), V (A
p
f )),
and let
(8.7) x ∈ HomOk⊗Zp(X0,X) = V,
where X (resp. X0) is the underlying p-divisible group of A
o (resp. Eo). The
following is an analogue of Proposition 6.3 of [KR14b].
Proposition 8.2. Fix a base point (Eo, ιo0, λ
o
0;A
o, ιo, λo,FAo) inMKra,(V0,V ♯),ss(F).
For S ∈ Nilp(OFˇ ), define Incp(T ;V0, V ♯)(S), the incidence set ,inside
[(N(1,0) ×NKra(n−1,1))(S)×GV00 (Apf )0/Kp0 ×GV (Apf )0/KV
♯,p]× V˜ ′(Q)m
to be the subset of collection (ξ0, ξ, gK
V ♯,p, g0K
p
0 ;x
o) determined by the following
incidence relations:
(1) h′(xo,xo) = T .
(2) g−1 ◦ xo ◦ g0 ∈ HomOk⊗Zˆp(T p(Eo), T p(Ao))m.
(3) (ξ0, ξ) ∈ ZKra(xo)(S) ∈ (N(1,0) ×NKra(n−1,1))(S).
Then Incp(T ;V0, V
♯)(S) is the set of S-points of the formal scheme
Incp(T ;V0, V
♯) =
⊔
g0K
p
0
⊔
gKV ♯,p
⊔
xo
ZKra(xo),
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where (g0K
p
0 , gK
V ♯,p) runs over GV0(Apf )
0/Kp0×GV (Apf )0/KV
♯,p and xo ∈ V˜ ′(Q)m
runs over the set of m-tuples satisfying conditions (1) and (2). Moreover, there is
an isomorphism of formal stacks over Spf OFˇ , compatible with the uniformization
isomorphism for M̂Kra,(V0,V ♯),ss in Corollary 8.1,
(IV0(Q)× IV (Q))\Incp(T ;V0, V ♯) ∼−→ ẐKra,(V0,V ♯),ss(T ).
8.4. For a T ∈ Hermn(Ok), let VT be the hermitian space determined by T . As
in [KR14b], define Diff0(T ) to be the set of primes p that are inert in k for which
ordp(det(T )) is odd. Then Diff0(T ) = ∅ if and only VT contains a self-dual Ok
lattice.
Now let us assume that n = 2 and T ∈ Herm2(Ok) is positive definite and
Diff0(T ) = ∅. We further assume that T is equivalent to
(
u1(−π0)a 0
0 u2(−π0)b
)
over Ok,p, where u1, u2 ∈ Z×p with (−u1u2, p)p = −1. The argument in this sub-
section proceeds exactly like that of section 12 of [KR14b].
Let V ′ = VT and for V0 ∈ R(1,0) and V ♯ ∈ R♯(n−1,1). For a pair (V0, V ♯) such that
Homk(V0, V ) ∼= V ′, we know that ZKra,(V0,V ♯)(T )(F) is nonempty (c.f. Proposition
2.22 of [KR14b] or Theorem 6.4 of [Shi18]).
We use the p-adic uniformization theorem of the special cycle ẐKra,(V0,V ♯),ss(T )
given by Proposition 8.2. Let G′ = GU(V˜ ′) and G′1 = U(V˜
′). We know that
(8.8) IV (Q) ∼= G′1(Q), IV0(Q) = k1 := ker(Nmk/Q).
By Theorem 3.10 of [Shi18], there is a unique self dual lattice Λ in Vp which contains
the components of xo. We fix a self dual lattice Λ ⊂ Vp and let K ′p be its stabilizer
in G′(Qp). We know that G
′(Qp)
0 acts transitively on such lattices (Section 8 of
[Jac62]).
Define d̂egp as in equation (1.4) in the introduction. We know from Theorem
6.3 that
(8.9) d̂egp(Z(xo)) = log p · µp(T ),
where µp(T ) is defined in Theorem 6.3 and it only depends on T . Hence
d̂egp(ẐKra,(V0,V
♯),p(T ))(8.10)
= log p · µp(T ) · |[IV0(Q)× IV (Q)\
⊔
g0K
p
0
⊔
gKV ♯,p
⊔
g′pK
′
p∈G
′(Qp)0/K′p
⊔
xo
{pt}]|,
where the right hand side is the stack carninality of the quotient and xo ∈ V˜ ′(Q)m
runs over the set of m-tuples satisfying
(1) h′(xo,xo) = T .
(2) g−1 ◦ xo ◦ g0 ∈ HomOk⊗Zˆp(T p(Eo), T p(Ao))m.
(3) xo ∈ g′pΛ.
Define a self dual lattice L˜′ in V˜ ′ by taking L˜′p = Λ and
L˜′ ⊗ Zˆp = HomOk⊗Zˆp(T p(Eo), T p(Ao)).
The stabilizer of L˜′ ⊗ Zˆ in G′(Apf ) is K ′ = K ′pKV ♯,p. Let K ′1 = K ′ ∩ G′1(Af ). We
then know
G′(Af )
0/K ′ ∼= G′1(Af )/K ′1.
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The coset g′K ′1 in G
′
1(Af )
0/K ′1 corresponds to the lattice
(8.11) L˜′′ = V˜ ′ ∩ (g′ · (L˜′ ⊗ Zˆ))
in the G′1-genus of L˜
′. We define
Ω(T, L˜′′) = {x ∈ (L˜′′)n | h′(x,x) = T },
and
Γ(L˜′′) = G′1(Q) ∩ g′K ′1(g′)−1.
Both sets are finite as T is positive definite. We have
[G′1(Q)\
⊔
g′pK
′
p
⊔
gKV
♯,p
⊔
xo
{pt}] =
⊔
L˜′′
Γ(L˜′′)\Ω(T, L˜′′)
as orbifold quotients, where on the right hand side L˜′′ runs over the classes of
lattices in the G′1-genus of L˜
′. Hence
|G′1(Q)\
⊔
g′pK
′
p
⊔
gKV
♯,p
⊔
xo
{pt}| =
∑
L˜′′
|Γ(L˜′′)|−1|Ω(T, L˜′′)| = rgen(T, L˜′).
We have to take into account the role of the cosets g0K
p
0 and and the action of
I(V0)(Q) as well. For an inert of ramified p, we know that k
1(kp) = O1k,p. Hence
|IV0(Q)\GV0(Apf )0/Kp0 | = |IV0(Q)\GV01 (Apf )/Kp0,1| =
1
wk
· |k1\k1(Af )/Oˆ1k|,
where wk is the number of units in Ok. By remark 3.3 of [KR14b], we know
|k1\k1(Af )/Oˆ1k| =
hk
wk
,
where hk is the class number of k. Combining these, we have proved that
(8.12)
|[IV0(Q)× IV (Q)\
⊔
g0K
p
0
⊔
gKV
♯,p
⊔
g′pK
′
p∈G
′(Qp)0/K′p
⊔
xo
{pt}]| = hk
2δ−1wk
rgen(T, L˜
′),
where the left hand side is as in equation (8.10). Hence
(8.13) d̂eg(ẐKra,(V0,V ♯),p(T )) = log p · µp(T ) · hk
2δ−1wk
rgen(T, L˜
′)
Define
(8.14) rgen(T, VT ) =
∑
[[M ]]
rgen(T,M),
where [[M ]] runs over the genera of self dual lattice in the hermitian space VT .
Note that on the right hand side of equation (8.12), rgen(T, L˜
′) vanishes unless
V˜ ′ represents T , i.e., V˜ ′ ∼= VT . The number of pairs (V0, V ) such that V˜ ′ ∼=
Homk(V0, V ) is 2
δ−1. As we vary the choice of [[L]] in V for a given such pair
(V0, V ), L˜
′ runs over the GV1 -genera of self dual lattices in V˜
′. Taking these into
accounts, we have proved
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Theorem 8.2. Let p be an odd ramified prime of k. Assume T ∈ Herm2(Ok)>0
with Diff0(T ) = ∅ such that T is equivalent to
(
u1(−π0)a 0
0 u2(−π0)b
)
over Ok,p,
where u1, u2 ∈ Z×p with (−u1u2, p)p = −1. Then
d̂egpZ(T ) = log p · µp(T ) ·
hk
wk
rgen(T, VT ),
where
µp(T ) = 2
min{a,b}∑
s=0
ps(a+ b + 1− 2s)− a− b− 2.
9. Central derivative of Eisenstein series
For the moment, let V be any nondegenerate hermitian space over k of dimension
m. Let G1 = U(V ) and let H = U(W0) where W0 is a split skew hermitian space
of dimension 2n. Let W = V ⊗k W0 with the symplectic form
〈〈v1 ⊗ w1, v2 ⊗ w2〉〉 = trk/Q((v1, v2)〈w1, w2〉),
There is a homomorphism G1 ×H → Sp(W) and (G1, H) is a reductive dual pair
in the sense of Howe.
Fix a character η of k×A whose restriction to Q
×
A is χ
m where χ is the global
quadratic character attached to k. By [Kud94], the choice of η determines a homo-
morphism
G1(A)×H(A)→ Mp(W)(A),
where Mp(W)(A) is the metaplectic cover of Sp(W)(A) (see [Wei64]) and hence
a Weil representation ω of G1(A) × H(A) on the Schwartz space S(V (A)n). We
normalize this so that the action of G1(A) is given by
(ω(g, 1)ϕ)(x) = ϕ(g−1x).
The Weil representation depends on a choice of a continuous additive character ψ
on Q\AQ. We fix such a choice so that ψp is unramified for an odd prime p dividing
∆. One example of such a choice is defined by
(9.1) ψ∞(x) = exp(2πix), ψℓ(x) = exp(−2πiλ(x)),
where λ : Qℓ → Qℓ/Zℓ →֒ Q/Z.
We are interested in exactly the same incoherent Eisenstein series considered in
Section 9 of [KR14b], whose construction we now briefly recall. Let V ∈ R(n−1,1)
(so m = n). Take ϕf ∈ S(V (Af )n) to be the characteristic function of (L ⊗
Zˆ)n. The incoherent Eisenstein series is defined to be E(h, s,Φ) for Φ(h, s) =
Φ∞(h, s)⊗Φf (h, s, L) where Φf (h, s, L) is the Siegel-Weil section associated to ϕf
and Φ∞(h, s) = Φ
n
∞(h, s) is the Siegel-Weil section attached to the Gaussian of a
hermitian space of signature (n, 0), i.e.,
E(h, s,Φ) =
∑
γ∈P (k)\H(k)
Φ(γh, s),
where P ⊂ H is the Siegel parabolic subgroup. The Eisenstein series has meromor-
phic continutation and a functional equation relating s↔ −s. We call E′(h, 0,Φ) =
∂
∂sE(h, s,Φ)|s=0 its central derivative.
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For later use, let us to relate the above Eisenstein series to the classical Eisenstein
series. Let D(W0) be defined by
D(W0) = {z ∈Mn(C) | v(z) := (2i)−1(z − tz¯) > 0}.
Write z = u(z) + iv(z) where u(z) = 12 (z +
tz¯), and let
hz =
(
In u(z)
In
)(
a
ta¯−1
)
∈ H(R),
where a ∈ GLn(C) with v(z) = ata¯. Note that iIn ∈ D(W0) and hz(iIn) = z. Now
let h = (hz, 1) ∈ H(A), define
(9.2) E(z, s,Φ) = η∞(det(a))
−1det(v(z))−
n
2 E(hz, s,Φ).
It is the corresponding classical Eisenstein series of E(h, s,Φ).
For T ∈ Hermn(k) with det(T ) 6= 0, let
(9.3) Diff(T, V ) = {p <∞ | χp(det(T )) = −χp(det(V ))}.
Diff(T, V ) has odd cardinality by the fact that χ∞(det(T )) = −χ∞(det(V )) and
the product formula for V and VT .
Recall that for a place v of Q we can define the local Whittaker function
(9.4) WT,v(hv, s,Φv) =
∫
Hermn(kv)
Φv(w
−1n(b)hv, s)ψv(−tr(Tb))db,
where
w =
(
In
−In
)
, n(b) =
(
In b
In
)
,
and db is the self-dual measure with respect to the pairing
〈b, c〉 = ψv(tr(bc))
on Hermn(kv).
By a standard unfolding calculation (which is true for both the coherent and
incoherent case), we know the T -th Fourier coefficient ET (h, s,Φ) of E(h, s,Φ) is
(9.5) ET (h, s,Φ) = L
S(2s, n, χ)−1
∏
v∈S
WT,v(hv, s,Φv),
for a sufficiently large finite set S of places including the archemedean place. We
assume that S contains Diff(T, V ). Here LS is a product of partial Dirichlet L
functions (see (8.2) of [KR14b]):
LS =
∏
v/∈S
n∏
i=1
Lv(2s+ n− i+ 1, χn−i+1).
By equation (8.4) of [KR14b]
WT,p(hp, 0,Φp) = 0,
for all p ∈ Diff(T, V ) since Vp does not represent T . By Lemma 9.1 of [KR14b], we
know that if T ∈ Hermn(k)>0 and Diff(T, V ) = {p}, then
(9.6) E′T (h, 0,Φ) =W
′
T,p(hp, 0,Φp) · LS(0, n, χ)−1 ·
∏
v∈S,v 6=p
WT,v(hv, 0,Φv).
Remark 9.1. To ease notations, we write WT,p(s,Φp) for WT,p(1, s,Φp) for a finite
prime p.
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9.1. Now we specialize to the case when n = 2. We suppose that T ∈ Herm2(Ok)>0
with Diff(T, V ) = {p} for an odd ramified prime p. We assume V ′ = VT is
anisotropic over F = kp. It is the unique positive definite hermitian space with
invp(V
′) = −invp(V ) and invℓ(V ′) = invℓ(V ) for all other finite primes. Fix
an isomorphism V ′(Apf ) = V (A
p
f ) and let L
′ be the lattice in V ′ determined by
L′⊗ Zˆp = L⊗ Zˆp and L′p = Λ where Λ ⊂ V ′p is the a self-dual lattice which always
exists for a ramified prime. Let ϕ′p ∈ S((V ′p)n) be the characteristic function of
(L′p)
n, and let ϕ′ = ϕ′p ⊗ ϕp where ϕp is the characteristic function of (L ⊗ Zˆp)n.
Proposition 9.1. For T ∈ Herm2(Ok)>0 with Diff(T, V ) = {p} for an odd ramified
prime p. Suppose that under the action of GL2(OF ),
T ∼
(
u1(−∆)a
u2(−∆)b
)
,
where u1, u2 ∈ Z×p with (−u1u2, p)p = −1 and a ≥ b. Let
S′ =
(
u1u2
1
)
, S =
(
v
1
)
,
where v ∈ Z×p and (−v, p)p = 1.
(1) Let Φp be the Siegel-Weil section associated to the characteristic function
ϕp of the set (L⊗ Zp)2 in V (Qp)2. Then
W ′T,p(0,Φp) = γp(V )
2p−eαp(S, S)µp(T )logp,
where e = 12nm+
1
4n(n− 1) = 52 , γp(V ) is defined in equation (9.17), and
µp(T ) = 2
b∑
e=0
(a+ b+ 1− 2e)pe − a− b− 2.
(2) Let Φ′p(s) be the Siegel-Weil section associated to the characteristic function
ϕ′p of the set (L
′
p)
2 ⊂ (V ′p)2. Then
WT,p(0,Φ
′
p) = γp(V )
2p−eαp(S
′, S′).
We postpone the proof of this Proposition to the next subsection. Notice that,
the hermitian form on L′p is equivalent to S
′ and the hermitian form on Lp is
equivalent to S.
By equation (9.6), we have
E′T (h, 0,Φ) =
W ′T,p(0,Φp)
WT,p(0,Φ′)
· LS(0, n, χ)−1 ·
∏
v∈S
WT,v(hv, 0,Φ
′
v)
The following identity is equation (8.7) of [KR14b], which is a consequence of Siegel-
Weil formula for the anisotropic group G′1 = U(V
′) (c.f. [Ich04]):
2 · η∞(det(a))det(v(z))n2 ·mass(L′)−1rgen(T, L′)qT
=LS(0, n, χ)−1 ·
∏
v∈S,v 6=∞
WT,v(1, 0,Φ
′
v) ·WT,v(hz , 0,Φ′v),
where qT = exp(2πitr(Tz)). Using the above equations and Proposition 9.1 (also
recall the equation (9.2)), we obtain
(9.7) E′T (z, 0,Φ) = µp(T )log(p) · Cp · 2mass(L′)−1rgen(T, L′) · qT ,
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where
Cp =
αp(S, S)
αp(S′, S′)
.
We want to show that the constant Cp ·mass(L′)−1 is in fact independent of p
(notice that L′ is). The argument is exactly the same as that of [KR14b]. Notice
that G′1 = U(V
′) and G1 = U(V ) are inner forms of each other. Fix a choice of
gauge form ν1 on G1 and an isomorphism of inner forms Ψ : G
′ ∼−→ G defined over
Q¯. Then we have a gauge form ν′1 = Ψ
∗(ν1) which is actually defined over Q. These
two gauge forms define Tamagawa measures on G1(A) and G
′
1(A) respectively.
Now by equation (7.2) of [KR14b], we have
2mass(L′)−1 = vol(G′1(R)K
′
1, dν
′
1)
where the volume is taken with respect to the Tamagawa measure. By (iii) of
Lemma 10.4 of [KR14b] which is true for all primes, we have
Cp · vol(K ′1,p, dν′1) = vol(K1,p, dν1)
and
vol(K ′1,ℓ, dν
′
1) = vol(K1,ℓ, dν1)
for ℓ 6= p. Thus
Cp · vol(K ′1, dν′1) = vol(K1, dν1),
and
(9.8) Cp · 2mass(L′)−1 = vol(G′1(R), dν′1)vol(K1, dν1).
Write
E(z, s, L) = E(z, s,Φ)
to emphasize the dependence on the choice of the self-dual lattice L. We have now
proved
Proposition 9.2. For T ∈ Herm2(Ok)>0 with Diff(T, V ) = p for an odd ramified
prime p, suppose T satisfies the condition of Proposition 9.1. Then
E′T (z, 0, L) = C · µp(T )log(p) · rgen(T, L′) · qT ,
where L′ is obtained from L as explained before Proposition 9.1 and
C = vol(G′1(R), dν
′
1)vol(K1, dν1).
Remark 9.2. As explained in Lemma 9.5 of [KR14b], the constant C is independent
of p (notice that G′1 is), but depends on V . It has a nice geometric interpretation.
Now for V ∈ R(1, 1), let
E(z, s, V ) =
∑
[[L]]
E(z, s, L),
where the summation is over the GV1 -genera of self-dual lattices in V . Then we
have
(9.9) E′T (z, 0, V
′) = C · µp(T )log(p) · rgen(T, V ) · qT ,
where rgen(T, V
′) is defined in equation (8.14) and C is as in Proposition 9.2. We
can now state the main global result of the paper.
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Theorem 9.3. Let T ∈ Herm2(Ok) be positive definite. Assume that VT con-
tains a self-dual Ok lattice. Let p be an odd ramified prime of k such that VT,p is
anisotropic. Then
E′T (z, 0, V ) = C1 · d̂egp(Z(T )) · qT ,
where V is the unique hermitian space in R(1, 1) that is locally isomorphic to VT
at all places except for p and ∞, and
(9.10) C1 =
wk
hk
vol(G′1(R), dν
′
1)vol(K1, dν1).
Proof. The theorem follows easily from equation (9.9) and Theorem 8.2. 
9.2. Derivative of Whittaker functions. The purpose of this subsection is to
prove Proposition 9.1.
Now for any hermitian vector space V of dimension m, define
V [r] := V ⊕ Vr,r,
where Vr,r is the 2r dimensional hermitian space with the hermitian form (, )r,r
represented by
(9.11)
1√−∆
(
0 Ir
−Ir 0
)
.
Remark 9.4. Over kp for an inert prime p, we know that
1√−∆
(
0 Ir
−Ir 0
)
∼
(
0 Ir
Ir 0
)
.
However this is no longer true for a ramified prime. This is the major difference
between our construction and that of [KR14b].
Now let us go back to the local situation. Let ϕnr be the characteristic function
of the lattice M2r,n(OF ) ⊂ V n where we choose a OF basis for which the hermitian
form is represented by the matrix (9.11). We choose OF basis of W0 for which the
skew hermitian form on W0 is represented by the matrix
(
0 In
−In 0
)
. Let ωr,r
be the Weil representation of U(W0) on V
n
r,r. Then
Lemma 9.5. The function ϕnr is K-invariant where K = U(W0)(OF ) is the max-
imal subgroup of U(W0).
Proof. By the Bruhat decomposition of K, we know that
K = ⊔nj=0P (OF )wjP (OF ),
where P is the Siegel parabolic and
wj =

In−j
Ij
In−j
−Ij
 .
Recall that (c.f. section 5 of [Kud94])
(9.12)
ωr,r(w
−1
j )ϕ
n
r (x) = γp(Vr,r)
−jϕn−jr (x
′)
∫
V jr,r
ψp(−trF/Qptr(x′′, y)r,r)ϕjr(y)dy,
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where we write x = (x′, x′′) where x′′ ∈ V n−jr,r and x′′ ∈ V jr,r and
(9.13) γp(Vr,r) = (−∆, det(Vr,r))pγp(∆, ψp, 12 )
2rγp(−1, ψp, 12 )
2r,
where (, )p is the Hilbert symbol and γp(a, ψp, 12 ) is the Weil index with respect to
the additive character ψp, 12 (x) = ψ(
1
2x) (c.f. [Kud94]). Now we know that
γp(Vr,r) =(−∆, det(Vr,r))pγp(∆, ψp, 12 )
2rγp(−1, ψp, 12 )
−2r
=(−∆, (−∆)−r)p(∆,−1)rp(−1,−1)−rp
=(−∆,−∆)rp · (−∆,−1)rp
=(−∆,∆)rp = 1.
And ∫
V jr,r
ψp(−trF/Qptr(x′′, y)r,r)ϕ0r(y)dy
=
2r∏
i=1
n∏
k=n−j+1
∫
F
ψp(trF/Qp(
1
π
xiky¯))1OF (y)dy
=1V nr,r(OF )(x
′′).
where we use the measure on V jr,r such that V
j
r,r(OF ) has measure 1 to ensure that
ωr,r(wj) preserves L
2 norm. In conclusion we have
(9.14) ωr,r(wj)ϕ
n
r (x) = ϕ
n−j
r (x
′)ϕjr(x
′′) = ϕnr (x).
Now let P = MN be the Levi decomposition of P . Then by Theorem 3.1 of
[Kud94], the actions are
(9.15) ωr,r(a)ϕ
n
r (x) = ξ(a)|det(a)|rpϕnr (xa),
where in this case ξ(a) ≡ 1. Since a ∈ GLn(OF ). x ∈ M2r,n(OF ) if and only if
xa ∈M2r,n(OF ). We have
ξ(a)|det(a)|rpϕnr (xa) = ϕnr (x).
And for b ∈ Hermn(OF ),
(9.16) ω(n(b))r,rϕ
0
r(x) = ψp(
1
2
trF/Qptr((x, x)r,rb))ϕ
0
r(x).
When x ∈ V nr,r(OF ), (x, x)r,rb is a matrix with values in π−1OF , so
trF/Qptr((x, x)r,rb) ∈ Zp,
and ψp(
1
2 trF/Qptr((x, x)r,rb)) = 1. When x /∈ V nr,r(OF ), ϕnr (x) = 0. So
ωr,r(n(b))ϕ
0
r(x) = ϕ
0
r(x),
for all x ∈ V nr,r. We have now completed the proof. 
Hence we conclude that
Corollary 9.1.
ωr,r(g)ϕ
n
r (0) = |a(g)|rp,
where g = k(g)a(g)n(g) with k(g) ∈ K, a(g) ∈M and n(g) ∈ N .
The following is the analogue of Proposition 10.1 of [KR14b].
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Proposition 9.3. Let S ∈ Hermn(OF ) and define
Sr = S ⊕ 1√−∆
(
0 Ir
−Ir 0
)
.
Then
WT,p(r,Φp) = γp(V )
n|N(det(S))| 12np |∆|epαp(Sr, T ),
where e = 12nm+
1
4n(n− 1) and
(9.17) γp(V ) = (−∆, det(Vp))pγp(∆, ψp, 12 )
mγp(−1, ψp, 12 )
−m.
Here γp(a, ψp, 12 ) is the Weil index, with the additive character ψp,
1
2
given by ψp, 12 (x) =
ψp(
1
2x) (c.f. [Kud94]).
Proof. First let V
[r]
p = Vp ⊕ Vr,r and (, )[r] be its hermitian form, also let
ϕ[r]p = ϕp ⊗ ϕnr ∈ S((V [r]p )n).
We know that
ω[r](h) = ω(h)⊗ ωr,r(h) on S((V [r]p )n) = S((Vp)n)⊗ S((Vr,r)n),
where ω[r] is the Weil representation of H(Qp) on S((V [r]p )n). Then by Corollary
9.1
Φp(h, r) = ω(h)ϕ
[r]
p (0).
The calculation afterwards is the same as the proof of Proposition 10.1 of [KR14b],
so we omit it. 
Proof of Proposition 9.1: By Proposition 9.3, we have
WT,p(0,Φp) = γp(Vp)
2p−eαp(S, T ).
Now (1) follows from equation (7.3) and equation (7.4).
By Proposition 9.3,
WT,p(0,Φ
′
p) = γp(V
′
p)
2p−eαp(S
′, T ).
Notice that γp(V
′
p) = −γp(Vp). Then (2) follows from equation (7.5).
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